lWJ EC
CBAC

GCE MARKING SCHEME

MATHEMATICS
AS/Advanced

SUMMER 2011






lWJ EC
CBAC

GCE MARKING SCHEME

MATHEMATICS - C1-C4 & FP1-FP3
AS/Advanced

SUMMER 2011



INTRODUCTION

The marking schemes which follow were those used by WJEC for the Summer 2011
examination in GCE MATHEMATICS. They were finalised after detailed discussion at
examiners' conferences by all the examiners involved in the assessment. The conferences
were held shortly after the papers were taken so that reference could be made to the full
range of candidates' responses, with photocopied scripts forming the basis of discussion.
The aim of the conferences was to ensure that the marking schemes were interpreted and
applied in the same way by all examiners.

It is hoped that this information will be of assistance to centres but it is recognised at the
same time that, without the benefit of participation in the examiners' conferences, teachers
may have different views on certain matters of detail or interpretation.

WJEC regrets that it cannot enter into any discussion or correspondence about these
marking schemes.
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(@)

(b)

(©)

C1l

Gradient of AB = increase iny M1
increase in X
Gradient of AB = -2 (or equivalent) Al
Use of gradient L; x gradient AB = -1 M1
A correct method for finding the equation of L; using candidate’s gradient for
Ly M1
Equationof L;: y—(-1) =1/2(x-9) (or equivalent)
(f.t. candidate’s gradient for AB) Al
Equation of L;: X-2y-11=0 (or equivalent)
(f.t. one error if all three M’s are awarded) Al
Q) An attempt to solve equations of L; and L, simultaneously M1
x=3,y=-4 (convincing.) Al
(i) A correct method for finding the length of BC M1
BC =45 (or equivalent) Al
(iii) A correct method for finding the coordinates of the mid-point of BC
M1
Mid-point of BC has coordinates (6, —2-5) Al
(iv)  Equation of AC: X=3 Bl



€)) Either:
9(V3+1) +7(N3-1)

(V3-1)(V3 +1) M1
Numerator: N3+9+7V3-7 Al
Denominator: 3-1 Al

9 +_7 = 83+1 (c.a.0.) Al
V3-1 V3+1
Or:

9 =_9(B+1) ,_7 =_7(3-1)
V3-1  (W3-1)(¥V3+1) V3+1 (V3-1)(\3+1)
(at least one) M1
Numerators: 9v3 + 9, N3 -7 (both correct) Al
Denominators: 3 -1 (both correct) Al

9 +_7 = 83+1 (c.a.0.) Al

V3-1 V3+1

(b) 90 =30V3 B1
3
V6 x V8 = 43 Bl
(2V3)® = 2443 B1
90 - V6 x V8- (2V3)*=243 (c.a.0.) B1
V3

y-coordinate at P = -5 Bl

dy=6x-9 (an attempt to differentiate, at least

dx one non-zero term correct) M1

An attempt to substitute x = 2 in candidate’s expression for dy ml

dx
Use of candidate’s numerical value for dy as gradient of tangent at P ml
dx

Equation of tangent at P: y—(-5)=3(x-2) (orequivalent)
(f.t. only candidate’s derived value for y-coordinate at P) Al

=-3 Bl
b=2 Bl
A negative quadratic graph M1
Maximum point (3, 2) (f.t. candidate’s values for a, b) Al



(@)

(b)

(@)

(b)

(@)

(b)

x>+ (4k +3)x +7=x+k M1

X+ (4k + 2)x + (7-k) =0 Al
An attempt to apply b? — 4ac to the candidate’s quadratic M1
b?—4ac=(4k +2)?—4x 1 x (7-K)

(f.t. candidate’s quadratic) Al
Candidate’s expression for b® — 4ac >(>) 0 ml
4k* +5k-6>0 (convincing) Al
Finding critical valuesk =-2, k=0-75 Bl

A statement (mathematical or otherwise) to the effect that
k<-2o0r075<k (orequivalent) (ft.onlyk=+2 k=+0.75) B2
Deduct 1 mark for each of the following errors

the use of < rather than <

the use of the word ‘and’ instead of the word ‘or’

y + 8y = 7(X + 8X)? = 5(X + 8X) + 2 B1
Subtracting y from above to find dy M1
8y = 14x8x + 7(8x)? — 56x Al
Dividing by ox and letting 6x — 0 M1
dy = limit 8y = 14x-5 (c.a.0.) Al

dX ox— 0 8X

Required derivative = 4 x %5 x X ¥° = 9 x (=1) x x>
(completely correct answer) B2
(one correctterm) Bl

(B+2X)* =3+ 4 x 3¥x (2X) + 6 x 32 x (2%)? + 4 x 3 x (2x)® + (2x)*
(all terms correct) B2
(three or four terms correct) Bl

(3+ 2x)* = 81 + 216x + 216x°* + 96x° + 16x*

(all terms correct) B2

(three or four terms correct) Bl
(-1 for incorrect further ‘simplification”)

Coefficient of x = "C; x 1(X) B1
4
Coefficient of x> ="C, x 1 9 B1
4

nn-1)x 1 = kxnx1 (0.e) (m=1lor2,k=50r's) M1
2 4" 4

n= 41 (c.a.0.) Al



(@)

(b)

(@)

(b)

Useof f(-2)=0

-8p-4+62+q=0

Use of f(1) =-36

p-1-31+9=-36

Solving candidate’s simultaneous equations for p and g
p=6,q=-10 (convincing)
Note:

Candidates who assume p = 6, g = —10 and then verify that x + 2 is a factor

and that dividing the polynomial by x — 1 gives a remainder of
—36 may be awarded M1 A1 M1 A1 MO AQ

f(X) = (x + 2)(6x* + ax + b) with one of a, b correct
f(x) = (x + 2)(6x* — 13x — 5)
f(X)=(x+2)(2x-5)3x + 1)

M1
Al
M1
Al
M1
Al

M1
Al
Al

(f.t. only for f(x) = (x + 2)(2x + 5)(3x — 1) from 6x* + 13x — 5)

v

(11, 0)\\/(—1, 0 | o

(_61_

Concave up curve and y-coordinate of minimum =— 4
x-coordinate of minimum =—-6
Both points of intersection with x-axis

y=-1f(x)
2
If B2 not awarded
y = rf (x) with r negative

Bl
Bl
Bl

B2

Bl



10.

(@)

(b)

V =x(8 — 2x)(5 — 2x) M1

V = 4x3 - 26x° + 40x (convincing) Al
dV = 12x* - 52x + 40 B1
dx

Putting derived dV =0 M1

dx
x =1, (10/3) (f.t. candidate’s dV) Al
dx

Stationary value of Vatx =1is 18 (c.a.0) Al
A correct method for finding nature of the stationary point yielding a
maximum value (for 0 < x < 2:5) Bl



C2

1.6 0-203915171

1.7 0-244678248

1.8 0-315656565

1.9 0467071461 (5 values correct) B2

2 1 (3 or 4 values correct) B1
Correct formula with h =0-1 M1
| ~0-1x{0-203915171 +1 +

2 2(0-244678248 + 0-315656565 + 0-467071461)}

| ~ 3:258727719 + 20
| ~ 0:162936386
I ~0:163 (f.t. one slip) Al
Special case for candidates who put h = 0-08

1.6 0-203915171

1-68 0-234831747

1.76 0-281831135

1.84 0-360946198

1.92 0-520261046

2 1 (all values correct) Bl
Correct formula with h = 0-08 M1
| ~0:08 x{0:203915171 + 1 + 2(0-234831747 + 0-281831135 +

2 0-360946198 + 0-520261046)}

~ 3-999655423 + 25
| ~ 0:159986216
I =~ 0:160 (f.t. one slip) Al

Note: Answer only with no working earns 0 marks



(@ sin@+12(1-sin?0)=6  (correct use of cos’d =1 —sin%4) M1
An attempt to collect terms, form and solve quadratic equation
in sin @, either by using the quadratic formula or by getting the
expression into the form (asin &+ b)(csin 8+ d),

with a x ¢ = coefficient of sin?¢ and b x d = constant ml

12sin*0-sin@-6=0= (4sin#-3)(3sind+2) =0

=sind =3, sing=-2 (c.a.0.) Al
4 3

0 =48.59°,131.41° Bl

0 =221.81° 318-19° Bl B1

Note: Subtract 1 mark for each additional root in range for each branch,
ignore roots outside range.
sin @ = +, —, f.t. for 3 marks, sin 8 =—, —, f.t. for 2 marks
sin @ = +, +, f.t. for 1 mark

(b) 2x —35° =-27°, 27°, 333° (one value) Bl
X =4°, 31° Bl, Bl
Note: Subtract (from final two marks) 1 mark for each additional root in
range, ignore roots outside range.

(c) Correctuse of tan g =sing (o.e.) M1
Ccos ¢

¢ =135° Al

¢ =315° Al

Note: Subtract (from final two marks) 1 mark for each additional root in
range, ignore roots outside range.

(@) Yy = x (oe) (correct use of sine rule) M1
*Is *l13
y = 1.56x (convincing) Al
(b)  MoxxxyxPlg=42 (correct use of area formula) M1
Substituting 1:56x for y in candidate’s equation of formaxy=b M1
1.56x* =975 (0.e.) Al
Xx=25 (f.t. candidate’s quadratic equation
provided both M’s awarded) Al
y=39 (f.t. provided both M’s awarded) Al



(@)

(b)

(@)

(b)

15 x [2a + 14d] = 780
2

Bl

Either [a+d] +[a+ 3d] + [a+ 9d] =100

or [a+2d] +[a+4d] +[a+ 10d] =100 M1
3a +13d =100 (seen or implied by later work) Al
An attempt to solve candidate’s derived linear equations

simultaneously by eliminating one unknown M1
a =3, d =7 (both values) (ca.0.) Al
d=9 Bl
A correct method for finding (p + 7) th term M1
(p + 7)th term = 1086 (cao) Al

Sy=a+ar+...+ar

rS,= ar+...+ar"t+ar

S,—rS,=a-ar"
(1-nNS=a(l-r"

Sh=a(l-r"
1-r

Q) a_ =ka,
1-r
r=075

(i) a+075a=35

a=20

S = 20(1 - 0-75%)

1-075

(at least 3 terms, one at each end) Bl
(multiply first line by r and subtract) M1

(convincing) Al

(k=4 or ¥) M1

(c.a.0) Al

(f.t. candidate’s derived value for r,
providedr=1) M1

(f.t. candidate’s derived value for r,
providedr=1) Al

(f.t. candidate’s derived values for randa, M1

Sg=7399="74

provided r = 1)
(c.a.0) Al



(@)

(b)

xB_2xx™ +¢ B1, Bl

4/3

(i)

(i)

1/4 (-1 if no constant term present)

X —4x+6=-x+10 M1
An attempt to rewrite and solve quadratic equation

in x, either by using the quadratic formula or by getting the
expression into the form (x + a)(x + b), with a x b = candidate’s

constant m1l
x-4)(x+1) =0=>x=4,-1 (both values, c.a.0.) Al
y=6,y=11 (both values, f.t. candidate’s x-values) Al

Note: Answer only with no working earns 0 marks
Either:

4 4

Total area = [(=x + 10)dx — [( X - 4x + 6) dx

-t -1 (use of integration) M1
(%2 dx =X B1
J 3
Either: (xdx=x? and (4xdx=4x* or: (3xdx=3x* B1

J 2 J 2 J 2

Either: JflO dx = 10x and J(G dx =6x or: J(4 dx = 4x B1

4 4
Total area = [-(1/2)x* + 10x] - [(1/3)x® - (412)x* + 6x] (0.e)

= {(-16/2 + 40) - (- 1/2-10)}

- {(64/3-32+24)-(-1/3-2-6)}
(substitution of candidate’s limits in at least one integral) m1
Subtraction of integrals with correct use of candidate’s

Xa, Xg as limits ml
Total area = 125/6 (c.a.0) Al
Or:
Area of trapezium = 85/2 (f.t. candidate’s Xa, Xg) Bl

4
Area under curve = [(x? - 4x + 6) dx

Jl (use of integration) M1

= [(113)x% - (412)x% + 6x] 41

(correct integration) B2
= (64/3-32+24)-(-1/3-2-6)
(substitution of candidate’s limits) ml
= 65/3
Use of candidate’s, xa, Xg as limits and trying to find total area by
subtracting area under curve from  area of trapezium m1l
Total area = 85/2 — 65/3 = 125/6 (c.a.0.)Al



(@)

Let p = logax, q = logay

Thenx=a’, y=a’ (the relationship between log and power) B1
x=a’ = a” (the laws of indices) B1
y a
logxly=p-q (the relationship between log and power)
logaxly = p — q = l0gax — l0gay (convincing) Bl
(b)  1logax®=logax* 3loga2/x =log,2°/x®
2 (one use of power law) Bl
1 10gaX® - loga 4x + 310ga 2/x = loga x* x 2° (addition law) B1
2 4X x X°
(subtraction law) B1
1 logax® - loga 4x + 3loga 2/x = 10ga2 (c.a.0) Bl
2
@ A2,-1) Bl
A correct method for finding the radius M1
Radius = 5 Al
(b) 0] A correct method for finding the length of AB M1
AB =10 (f.t. candidate’s coordinates for A) Al
Difference in radii = distance between centres,
.. circles touch Al
(i) Gradient BP(AP)(AB) = inciny M1
inc in x
GradientBP= _11-3 =_8 (o.e)
-7-(-1) -6
(f.t. candidate’s coordinates for A) Al
Use of Men X Mpgg = -1 M1
Equation of common tangent is:
y-3= %[X - (-] (0.€)

(f.t. one slip provided both M’s are awarded) Al
ro=76 B1
r’6 =361 B1

2
An attempt to eliminate 8 M1
r=36:1=r=95 Al
2 76
=176 =6=08 (f.t. candidate’s value forr) Al
9:5

10



C3

(@) 1 1.386294361
1.25 1.517870719
1.5 1.658228077
1.75 1.802122256 (5 values correct) B2
2 1.945910149 (3 or 4 values correct) Bl
Correct formula with h = 0-25 M1
I ~0-25 x {1-386294361 + 1-945910149
3 +4(1:517870719 + 1-802122256) + 2(1:658228077)}
| ~ 19:92863256 + 12
| ~1.66071938
| ~1:6607 (f.t. one slip) Al

Note: Answer only with no working earns 0 marks

b)
(In{_1 )dx ~-16607  (f.t. candidate’s answerto (3))  B1

.1J (3 +x)

2 cosec?d + 3 (cosec’d — 1) + 4cosec 8 =9
(correct use of cot?d = cosec’d — 1) M1
An attempt to collect terms, form and solve quadratic equation
in cosec 6, either by using the quadratic formula or by getting the
expression into the form (a cosec 8+ b)(c cosec 6+ d),
with a x ¢ = coefficient of cosec 6 and b x d = candidate’s constant ml
5 cosec?d + 4 cosec § — 12 =0 = (5cosec & — 6)(cosec # + 2) =0
= cosec ¥ = 6, cosecd =-2

5
=sind=5,sinf=-1 (cao) Al
6 2
6 = 56-44°,123.56° Bl
6 = 210°, 330° Bl B1

Note: Subtract 1 mark for each additional root in range for each branch, ignore roots
outside range.

sin @ = +, —, f.t. for 3 marks, sin @ =-, —, f.t. for 2 marks

sin @ =+, +, f.t. for 1 mark

11



(@  d@2x®) =6x% d(2x)=2, d(25)=0 B1

dx dx dx

d(x*cosy) = x*(=siny) dy + 2x (cosy) B1
dx dx

d(y") = 4y°dy B1
dx dx

dy = 6x%+ 2xcosy + 2 (ca.0) Bl

dx  x*siny —4y°

(b) Q) candidate’s x-derivative = 3t>
candidate’s y-derivative = 4t + 20t>
(one term correct B1, all three terms correct B2)

dy = candidate’s y-derivative M1
dx candidate’s x-derivative

dy = 4 + 20t (c.a.0.) Al
dx 3t

(i) dy=5=20t" -15t+4=0
dx (f.t. candidate’s expression for dy from (i)) Bl
dx

Considering b® — 4ac for candidate’s quadratic M1

b? — 4ac = 225 — 320 < 0 and hence no such real value of t exists
(f.t. candidate’s quadratic) Al

@ () =(11) xg(x) - 6x

where g(x) = either __ 2 or 1 or 2 M1
1+(2x)% 1+ (2%)° 1+ 2%
f'x)=11x_2 —6x Al
1+4x°
f'X)=0=12x*+3x-11=0 (convincing) Al
(b)  x =09

X1 = 0-884366498 (x1 correct, at least 5 places after the point) Bl
Xo = 0:886029122

X3 = 0-885852598

X4 = 0-885871344 = 0-88587 (x4 correct to 5 decimal places) Bl
Let h(x) = 12x® + 3x - 11

An attempt to check values or signs of h(x) at x = 0-885865,

x = 0-885875 M1
h(0-885865) = —1-42 x 10" * < 0, h(0-885875) = 1.70 x 107 *>0 Al
Change of sigh = « = 0-88587 correct to five decimal places Al

12



(@)

(b)

(©)

(d)

dy=1x(9-2x)"# xf(x)
dx 3
dy=-2x(9-2¢*

dx. 3

dy =_f(x)
dx cosx
dy = £sinx
dx cosx
dy = —tanx
dx

dy = x3 x f(x) + tan 4x x g(x)

dx

dy = x* x f(x) + tan 4x x g(x)

dx

dy = x* x 4 sec?4x + tan 4x x 3x?

dx

(fF(x) #1)

(including f (x) = 1)

(c.a.0)

(either f (x) = 4 sec? 4x or g(x) = 3x%)
(all correct)

dy = Bx +2)" x k x e¥— ¥ x4 x (3x +2)°* x m

dx [(3x + 2)*]

with eitherk=6, m=3ork=6,m=1ork=1, m=3
dy = (3x+2)* x 6 x e~ e® x4 x (3x+2)*x 3

dx [(3x + 2)*]

dy = 18x x e*
dx (3x+2)°

13

(c.a.0.)

M1

Al

M1

Al

Al

M1

Al

Al

M1
Al

Al



@ () (9 dx=kx9xIn|4x+3]|+c k=1,4,Y%) M1

Jax+3
9 dx=%xIn|4x+3|+c Al
Jax+3

(i)  [(3e° dx=kx3xe> H+¢ k=1,-2,-) M1
(3" dx=-3, x> Z+¢ Al
J

(i) (5 dx=kx5x(x=1Y?+c (k=1,7,%) M1
J(7x-1)° ~2
[ 5 dx=5x(7x-1)°*+c Al
J(7x-1)>* —2x7

Note: The omission of the constant of integration is only penalised once.

(b)  (cos(3x—zldx= [kxsin[3x—z]] (k=1,3,+Y%) M1
J L 6) L L 6J]
(cos(3x—zldx= [Ysxsin[3x- 7] Al
J L 6) L L 6J]
73
(cos(3x—z)ldx= kx[sin[5z)-sin[-z)]
J L 6] L le) Llell
0 (A correct method for substitution of limits
f.t. only candidate’s value for k, k = 1, 3, + '/s) m1
73

(c.a.0.) Al

Note: Answer only with no working earns 0 marks

(@) Choice of a, b, with one positive and one negative and one side

correctly evaluated M1
Both sides of identity evaluated correctly Al
(b) Tryingtosolve2x +1=3x-4 M1
Trying to solve 2x + 1 =—(3x - 4) M1
Xx=5x=06 (both values) Al
Alternative mark scheme
(2x + 1)* = (3x — 4)? (squaring both sides) M1
5x%—28x +15=0 (ca.0) Al
x=5x=06 (both values, f.t. one slip in quadratic) Al

14



y=1f(x +3)
2

v
X

(-2, 0) 0 (1, 0)

Correct shape, including the fact that the y-axis is an asymptote for

y=f(x) at—oo Bl

y = f(x) cuts x-axis at (1, 0) Bl

Correct shape, including the fact that x = —3 is an asymptote for

y=1f(x+3)at—o Bl
2

y = 1f(x + 3) cuts x-axis at (-2, 0) (f.t. candidate’s x-intercept for f(x)) Bl
2
The diagram shows that the graph of y = f(x) is steeper than the graph of

y = 1f(x + 3) in the first quadrant Bl
2

(@) y+3=e*" B1

An attempt to express equation as a logarithmic equation and to
isolate x M1
x=1[In(y+3)-1] (c.a.0) Al

2
) =1[In (x + 3) - 1]

2 (f.t. one slip in candidate’s expression for x) Al

(b) D™ =(a b) with
=-3 Bl
b=-2 B1

15



(@  R(f)=(-19, ) B1

R(Q) = (=, -2) Bl
(b)  D(fg) = (6, ) Bl

R(fg) = (15, ») Bl

© () fg)=[1-1x1%-19 B1
2 )

(i) Putting expression for fg(x) equal to 2x — 26 and setting up a quadratic
in x of the form ax® + bx + ¢ = 0 M1
1x*-3x+8=0=>x=4,8 (c.a.0.) Al
4
Rejecting x = 4 and thus x = 8 (c.a.0.) Al

16



C4

(@) f(x) = A +_B +_C (correct form) M1
(x+2)% (x+2) (x-3)
X2+ X+ 13=A(x - 3) + B(x + 2)(x — 3) + C(x + 2)?
(correct clearing of fractions and genuine attempt to find coefficients)

ml
A=-3,C=1,B=0 (all three coefficients correct) A2
(at least one coefficient correct) Al

) (f()dx=_3 +In(x-23) B1B1

J (x +2) (f.t. candidates values for A, B, C)

,

[f(x)dx=[3-3] —[In4 - In3] = 0-246(015405) (c.a.0.) Bl

éJ l9 8]

Note: Answer only with no working earns 0 marks

4x* — 2x2dy — 4xy + 2ydy = 0 [—2x?dy — 4xy] B1
dx dx S
(4x®+2ydy] Bl
[ dx
Either dy = 4xy — 4x® or dy = 2 (0.e.) (c.a.0.) B1

dx 2y-2x° dx
Attempting to substitute x = 1 and y = 3 in candidate’s expression and the use of
gradnormal X gradtangent =-1 M1
Equation of normal: y-3=-1(x-1)
2 {f.t. candidate’s value for gy} Al
dx

17



(@)

(b)

()

(b)

2tanx = 4tanx (correct use of formula for tan2x) M1

1 —tan %

tanx=0

2tan’x -1=0

x=0°, 180° (both values)
x = 35:26°, 144.74° (both values)

R=25
Expanding cos (8 — ) and using either 25cos o =7
or 25sin ¢ =24 or tan o = 24 to find «

7 (f.t. candidate’s value for R)
o =71374° (c.a.0.)
cos(6 —a) =16 =0-64 (f.t. candidate’s value for R)

25
6 - a =50-21°, -50-21°
(at least one value, f.t. candidate’s value for R)
6 = 23:53°,123.95° (c.a.0.)

candidate’s x-derivative = — 3sint

candidate’s y-derivative = 4 cost (at least one term correct)
dy = candidate’s y-derivative

dx candidate’s x-derivative

dy = —4cost (o.e) (c.a.0)
dx 3sint
AtP, y-4sinp=-4cosp (x—3cosp) (o.e))
3sinp
(f.t. candidate’s expression for dy)
dx

(3sinp)y —12 sin’p = (-4 cosp)x + 12 cos’p
(3sinp)y = (-4 cosp)x + 12 cos?p + 12 sin°p

(Bsinp)y + (4cosp)x—-12=0 (convincing)
(i) A=(2V3,0)

B=(0, 8)
(i)  Correct use of Pythagoras Theorem to find AB

AB =219 (convincing)

18

Al
Al
Al
Al

Bl

M1
Al
Bl

Bl
Bl

Bl
M1

Al

M1

Al

Bl
Bl
M1
Al



(@  A(-3,0),B(3,0),C(0,3)

(b)y ()
3

((9 - x%) dx = 9x

Volume = 367

3
Volume = 7((9 -

x%) dx

(f.t candidate’s x-coordinates for A, B)

-X

3

(c.a.0.)

Note: Answer only with no working earns 0 marks

(i) This is the volume of a sphere of radius 3

(L+20)Y2 =1+ (1/2) x (2x) + (1/2) x (112 =1) x (2x)* + . ...

1 x 2
(=1 each incorrect term)
1 =1+(=2)xB)+ (=2 x(=3)x (3x)* +...
(1 + 3x)° 1 x 2
(=1 each incorrect term)
AL+2)Y2 - 1 =3+10x-29%°+...
(1 + 3x)? (=1 each incorrect term)

Expansion valid for |x | < 1/3
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Bl



(@)

(b)

()

(b)

(©)

(xsin2xdx = x x k x cos2x — [ k x cos 2x x g(x) dx

J J (k=+, £20r+1) M1
k=-1,9(x)=1 Al, Al
2
(xsin2xdx=—1 x X x c0S2X + 1 x Sin 2X + ¢ (caon.) Al
J 2 4
x__dx= [k du (k=+Y%0r+2) M1
J(5-X2)3 J 3
(adu=-au? B1
Jud 2

2 2

[ x_dx=—klu?] or —k[_ 1]
6}(5—x2)3 2| J5 2L(5—><2)2J0

(f.t. candidate’s value for k, k = +'/, or + 2) Al

?L dx= 6 (ca0) Al
J (5 -x%3 25

Note: Answer only with no working earns 0 marks

dN =kN Bl
dt
(dN = (k dt M1
JN )
INN=kt+c Al
N = ek ¢ = Aekt (convincing) Al
(i) 100 = Ae*
160 = Ae** (both values) B1
Dividing to eliminate A M1
1.6 =¢'™ Al
k=1 In1-6 =0-047 (convincing) Al
10
(i)  A=91(.0283) (0.e.) B1
When t = 20, N = 91(-0283) x e**
(f.t. candidate’s derived value for A) M1
N =233 (c.a.0) Al

20



10.

€)) Use of (51 — 8j + 4k).(4i + 6) + ak) =0 M1

5x4+(-8)x6+4xa=0 ml
a=7 Al
(b) 0] r=8i+3j-7k+ A(2i + j +2Kk) (0.e.) Bl
(i) 8+21=4-2u
3+A=T+u
-7+21=5+3u (o.e)
(comparing coefficients, at least one equation correct) M1
(at least two equations correct) Al
Solving two of the equations simultaneously m1l
A=1,u=-3 (0.e) (c.a.0.) Al
Correct verification that values of A and x do not satisfy third equation
Bl

Assume that there is a real and positive value of x such that 4x + 9 < 12

X
42 -12x+9<0 B1
(2x-3)°<0 B1
This contradicts the fact that x is real and thus 4x + 9 > 12 B1

X

21



FP1

1 1
(x+h?® x°
x* —(x+h)®
x*(x +h)?®
x® — (x* +3x°h + 3xh? + h?)
x*(x+h)*
—3x*h—3xh*-h®
x*(x + h)®
f(x+h)—f(x) _ —3x*-3xh—h?
h T X3 (x+h)?
lim [ —3x*>-3xh—-h?
( x*(x+h)® J

f(x + h) — f(x) =

F/(x) =

S,=2>.r2=>'r
r=1 r=1
2n(n+1)(2n+1) n(n+1)
6 2

=@(4n+2—3)

n(n+1)(4n-1)
6

(1+2i)(2-3i)=2-6i°+4i—3i=8+i
2(x—1y) +i(x+iy) =8+i

2x-y=8

Xx=2y=1

X=5y=2 cao

@) Det=1(7+3)+2(12-14) + 1(-2-4)
=0 as required
(b)(i) Using row operations,
X+2y+z=1
-3y+z=0
-9y +3z=1-4
The third line is three times the second line so
A=4
(i) Putz = a.
Theny = «a/3
Xx=1-5al3
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2—1isaroot.
x* —4x+5 is a factor.
x* —2x% = 2x* 46X+ 5= (x> + 2Xx +1)(x* — 4x +5)
The other root is — 1.
[Award MOMOMO if no working]

The statement is true for n = 1 since 6 + 4 is divisible by 10.

Let the statement be true for n =k, ie 6 + 4 is divisible by 10 so that

6 +4 = 10N.

Consider 61 +4=6x6"+4
= 6(10N —4) + 4
= 60N - 20

Bl
M1Al
M1A1l
M1A1

Bl

M1

M1Al
Al

Al

This is divisible by 10 so true for n = k = true for n = k + 1 (and since true for

n = 1) therefore the statement is proved by induction.

-1

0
(@  Anticlock rotation matrix = 0 O
0 1
-2

Translation matrix =

-1 0
Reflection matrix iny + x =0=| -1 0]
1

-1 0 -1
1

0 0 1
(b)  The general point on the line is (4, 24 - 1).
The image of this point is given by
X -1 0 -1 2 -A-1
yil={0 1 2|21-1|=|24+1
1 0 0 1 1 1
X=-A-1Ly=21+1

Eliminating A,
The equation of the image isy = —2x - 1.
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, [1 2}{1 2} {7 10}
8. () A’ = = M1AL
3 4|3 4| |15 22

1 2 1 0 7 10 5
5A+21=5 +2 = =A M1Al
3 4 0 1 15 22
(b) A’ =5A% 1 2A B1
= 5(5A + 21) + 2A B1
=27A + 101 Bl
9. Let the roots be «,af,a°. Then M1
a+af+af’ =—f
a’pra’pi+a’p=g M1
a®p=—h Al

[Award M1AO if roots not given in geometric progression]
Divide the second equation by the first:

off = —% M1A1
Cubing and comparing with the third equation, M1
3
(_Ej —_h Al
f
g®=f°h
: 1
10. a U+iv=——— M1
@ (x +iy)?
—iv)2
Lo m
(x“+Yy7)
X2 —y?=2ixy
(x* +y%)*
X2 —y? 2Xy
U= V=72 22 Al
(x*+y7) (x*+y)
1) Puttin =mKx, M1
(b)(i) ing y
x?(1—m?) —2mx®
= (X2 N mzxz)z V= (X2 + mzxz)z Al
Dividing,
v__ Al
u 1-m
So v=m'u where m’:—lzrrr:]2 m1l
(i) The gradients are equal if
m=— Z”n"nz M1
Solving, m =0, ++/3. M1A1

24



FP2

u:&:du:lidx
X

2Jx

and [1,4] — [1, 2]

Combining the first and third terms,

2c0s260¢c0s360 +cos360 =0
cos36(2c0s20 +1) =0

EITHER cos30=0=30=(2n +1).%

OR

6=(2n +1).% (n an integer)
0520 = —%: 20 =(2n +1)7zi%

0=02n+1).2+%
276

Alternatively, combining the second and third terms,

2cosdcos46 +cosd =0
cos@(2cos40+1) =0

EITHER cosd=0=6=(2n +1).% (n an integer)

OR

(a)

(b)

(©)

cos49:—%:> 46 = (2n +1)7ri%

0=02n+1).%+ %
4712

[Accept equivalent forms and answers in degrees]

As x — 2 from above f(x) — 4 and f(2) = 1

There is therefore a jump at x = 2 so not continuous.
(accept informal notation)

Forx <2, f'(x)=6-2x>0 throughout.

Forx>2, f'(x)=2x-2>0 throughout.

Furthermore, f(x) increases from 1 to 4 going through x = 2.

So f is a strictly increasing function.

f(A) = [- 2,1]u(4,7]
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(@)

(b)

(©)

(@)

(b)

(a)

(b)

()
(d)

2l = 2
O@=tan'(-1)+7=37/4

First root = (2"°,7/4)

=0.794 + 0.794i
Second root = (2%, 714+ 27/3)

=-1.084 + 0.291i

Third root = (2V°, 714+ 4x13)
= 0.291 - 1.084i

Bl
M1Al

M1
AlAl
M1
Al
M1
Al

We require 3nt/4 x n to be a multiple of 2.  Using any valid method

including trial and error,
n=8 [Award M1AO for n = 4]

2" =(cos@+isind)" =cosnd +isinnd
1

" cosn@+isinng
_ cosn@—isinné
~ cos?n@ +sin?nd
= cosn@d—isinng
z"—z"=cosn@ +isinnd—(cosnd —isinnd) = 2isinn
z"+2z" =cosn@+isinn@+cosnd—isinnd =2cosnd

4
(z—lj =17' —423.1+622.i2— i3+i4

-n

z

z z z z yA

z
(2isin#)* = 2cos46 —8cos26 + 6

= 24+i4—4(22+i2j+6
z

sin* @ =lcos4¢9—1c0326?+§
8 2 8

The equation can be rewritten
2(x—=1)°+3(y+2)° =6
The centre is (1, - 2)
The equation can be rewritten
2 2
(- (y+2° _,
3 2
a=+3b=+2
2 1
1-e*°==, e=—"F+—
3" 3
The fociare (0,-2) ; (2,-2)
The directrices are x = -2, x = 4.
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(@) Derivative = sin(e”)
- d|}. du
b Derivative = —| | sin(e')dt [x —
(b) ivativ duMl( ) }(dx
= 2xsin(e*)

@) EITHER
f(X):x2+2x+1:x2—3x+2+5x—1
X —3x+2 (x-1)(x-2)
14 5x-1
(X=1)(x-2)
5x —1 B, C _B(x=2+C(x-1)

Let = =
x-D(x-2) x-1 x-2 (x=D(x-2)

Putting x =1,2, B=-4,C=9
OR
1- 4 N 9 :(x—1)(x—2)—4(x—2)+9(x—1)
Xx-1 x-2 (x=-D(x-2)

_ X*=3x+2-4x+8+9x-9

- (x-1)(x-2)

XA +2x+1

~ (x=1)(x-2)

=f(x)

4 B 9
S (x-1)° (x-2)?

f'(x)=— 8 5+ 183
(x-1° (x-2)

F'(x)

(b) Stationary points occur when
4 9

(x-2)*  (x-2)°
x-1 = J_rg
X—2 3

=-1,y=0 cao

f"(-1) > 0 therefore minimum (FT their coords)

X=7/5,y=-24 cao

f"(7/5) <0 therefore maximum (FT their cords)

(c) The asymptotesare x=1and x = 2
andy=1

27

Bl

M1

Al

M1

Al

M1

Al

M1A1

M1

Al

B1B1

Bl

M1

Al

Al
Al
Al
Al
Bl
Bl



(d)
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FP3

EITHER
Using sech®d + tanh” @ =1to give
3sech’@ +5sech@ -2 =0
Use of formula or factorisation to give
sechfd=-21/3
sech@cannot equal -2
sechd=1/3 = coshd=3
OR
Division by cosh’ @ to give
3sinh? @ = 5cosh @ + cosh® @
leading to
2cosh?@ —-5coshd-3=0
Use of formula or factorisation to give
coshd= -%,3
cosh@ cannot equal — 1/2
THEN

0 =cosh3=1In(3++/8)

2dt

+12

Putting t = tan(x/2) givesdx = 1

(0.7/2) - (0,))
= j 2dt/(1+t°)

3 2+ 2t/(1+1%)
:j. dt

2 t+1
:j dt

L (t+1/2)° +3/4

1

2 2(t+1/2))
= —|tan| ="~

A (7]
:%(tan‘l 3-tan?(1/+/3))
_2 z_zj

J3l3 6
-

33
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y’=4a(x—a) = 2yﬂ=4a
dx

1+(d—yj —1+ 41
dx y?
:1+ a :L
X—a Xx-a

2

Arc length = I 1+(dyj dx

dx
\/x a

X = acosh?u = dx = 2acoshusinhu du
(2a,4a) — (cosh™*+/2,cosh™*2)

cosh™2 2
acosh“u )
AL= [ =5 —— 2acoshusinhudu
| acosh“u—-a
cosh™+/2

cosh™t2

2a

coshu
.coshusinhudu

cosh*+/2 sinhu
cosh™2

2a I cosh?udu
cosh /2

cosht2

a j(l+ cosh2u)du
cosh /2

1 cosh™* 2
= a[u +—=sinh ZU}

2 cosh /2
=2.49a cao

@) f'(x) =e*cosx —e*sinx

f"(x) =e*cosx —e*sinx—e*sinx —e*cos x = —2e”*sin x

(b) f"(x) =—2e*sin x — 2e* cos x

M1Al

M1

Al

Bl

Bl
Bl

M1Al

Al

M1Al

Al

Al

Bl
Bl
Bl

f""(x) = —2e*sin x — 2e* cos X — 2e* cos X + 2e* sin x(= —4e* cosx) B1

f(0)=1 f'(0) =1, f"(0) =0, f"(0) = -2, f ""(0) =4

f(x) = f(0)+xf (O)+—f”(0)+—f’”(0)+

3 X4

X
=l+Xx———-—+.. Cao
3 6

(c) Differentiating both sides,

2x3
e“cosx —e*sinx =1— x? _T+

3 3

e*sinx =1+ x—%—1+ x? +%+... (FT series from (a))

2 x®
=X+ X +—++...
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5. (@) When x =0.6,xsinx—0.5=-0.161..., when x=0.8,xsinx =0.073... M1
Because of the sign change, there is a root between 0.6 and 0.8. Al

(b)(Ii) The Newton-Raphson iteration is
- (x,sinx, —0.5) M1AL

X1 = .
"N (sinx, + X, COSX,)

X sinx, +X2cosx —x sinx +0.5 Al

Sin x, + X, COS X,

x> cosx, +0.5
sin X, + X, COS X,

(if) Successive values are
0.7
0.7415796192 Bl
0.7408411726
0.7408409551 Bl
Bl

The required value is 0.74084
1 -0.5 M1AL

(©)() f'(x) = = X
J1-(05/x)2 X

[Only award M1 if chain rule used]

f'(0.7) =-1.45... cao (Accept any argument to which 0.74084 rounds) Al

This is greater than 1 in modulus so the sequence is divergent and
(FT on their f'(x)) Bl

2

cannot be used to find ¢.

6 (a) Area = %Irzde M1
172/2
== jsinzzéde Al
2 0
172/2
== j (1-cos46)do Al
4 0
712
= l{e—lsinw} Al
4" 4 .
= Al
8

31



(b) Consider

y=rsinéd
= sin26sind M1
g—ézsin 260c0s8 + 2c0s20sin @ Al
AtP, sin26cosd+2cos20sin@d =0 M1
EITHER
2tand=—tan2g = — 29 Al
l1-tan“ @
tan®6 =2 Al
OR
2sin@cos’ @ + 2sind(2cos* 6 —1) =0 Al
cos’@=1/3orsin*6=2/3 Al
THEN
0=0955 (54.7°)  cao Al
r=0.943 (24/2/3) cao Al
7. (a) I, = J'tanh”‘zxtanhzxdx M1
0
= J.tanh”‘zx(l—sechzx)dx ml1Al
0
=1, - [tanh" x| AlA1
" n-1
_, 05"
n-2 n _1
(b) lo = [ dx M1
0
= [xJ"™"°*= tanh0.5= 0.549 Al
0.5°
l,=1,- M1
4 2 3
0.5°
=1,-05-— ml
=0.00764 Al

GCE Mathematics - C1-C4 & FP1-FP3 MS - Summer 2011
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INTRODUCTION

The marking schemes which follow were those used by WJEC for the Summer 2011
examination in GCE MATHEMATICS - M1-M3 & S1-S3. They were finalised after detailed
discussion at examiners' conferences by all the examiners involved in the assessment. The
conferences were held shortly after the papers were taken so that reference could be made
to the full range of candidates' responses, with photocopied scripts forming the basis of
discussion. The aim of the conferences was to ensure that the marking schemes were
interpreted and applied in the same way by all examiners.

It is hoped that this information will be of assistance to centres but it is recognised at the
same time that, without the benefit of participation in the examiners' conferences, teachers
may have different views on certain matters of detail or interpretation.

WJEC regrets that it cannot enter into any discussion or correspondence about these
marking schemes.
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M3 18
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S2 29
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M1

Question Solution Mark Notes
1(a) v=u+atu=1a=98,t=25 M1 | Accept + values for u and a.
v=1+98x25 Al | Correct equation, accept +
=255 (ms™) Al | accept +
1(b) s = ut+05at’,u=1a= 9-§, t=25 M1 1 Accept + values for u and a. equivalent method
= 1x25+05x98x25 21 Correct equation, accept +. ft (a) if applicable.

= 33.125(m)

accept +. ft (a) if applicable.




Question Solution Mark Notes
T
2(a) T
fa
l 600g
N2L applied to lift M1 | dim correct, opposing T and 600g
T - 600g = 600a Al | correct equation
a=12 Al |cao
2(b) R
AR
l °9 M1 | Di ing R and 60
: im correct, opposing R and 60g.
IF\QIZL6gppI_|e(ééo pizr;on Al Correct equation. FT a
—ovg = S0 L Al | ftcandidate's a, both Ms required.

R =660 (N)




Question Solution Mark Notes
3(a) Consider motion from A to B
s = ut+0.5at’, t=2,5s=10 M1
10 = 2u + 0.5a x 2° Al | Correct substitution of values
10 =2u +2a
Consider motion from Ato C M1
v=u+atv=17,t=7 Al
17 =u+7a
Solve simultaneously m1 | Depends on both previous Ms
a=2 Al cao
u=3 Al | ftslip if both equations correct
3(b) -1 M1
vV mS A Al ftu
- > ts
0 7
3(c) Distance AC = 0.5(3 + 17) x 7 M1 | correct method for area under graph oe
Al | ftu if appropriate

=70(m)




Question Solution Mark Notes
4,
S
R « 4 _______
12g

4(a) Resolve vertically M1 | attempt at resolution to get equ, accept cos
Ssina =129 Al | correcr equation
S =196(N) Al | cao

4(b) Resolve horizontally M1 | attempt at resolution to get equ, accept sin
Scosa=R Al | correct equation

Al | ft S, depends on both previous Ms

R =156.8 (N)




Question

Solution

Mark

Notes

5.

N2L applied to B
159 —-T = 15a

N2L applied to A
T-13gsina = 13a
T-5g =13a

Solve equations simultaneously
Adding 15g — 59 = 28a
a=3.5(ms?

T=94.5(N)

M1
Al

M1

Al

ml

Al
Al

dim correct, opposing T and 15g.
correct equation

dim correct, opposing T and 13g resolved.
Correct equation
depends on both Ms

cao
ft if both equations correct.




Question Solution Mark Notes
6.
R
F
X ¥
89
15°
6(a) Resolve perpendicular to plane M1 | dim correct, accept sin
R = 8gcos15° Al
Resolve parallel to plane M1 | dim correct, accept cos
F =8gsin 15° Al
Leastu = F/R M1 | award if seen in (a) or (b)
Least p = tan 15° = 0.26795 = 0.28(to 2 d. p.) Al | cao. do not penalise unrounded correct
answers.
6(b) F = 0.1 x 8gcos15° Al
8gsin15° - 0.1 x 8gcos15° = 8a M1 | Attempt at N2L.
Al | correct equation.
Al |cao

a = 1.59(14)




Question Solution Mark Notes
7. B
_sms_ -3ms”*
B
4kg
-2ms™! Ve
7(a) Conservation of momentum M1 | Attempted, no more than 1 sign error
3x5 + 4x(-3) = 3x(-2) + 4vg Al | correct equation
15-12 = -6 +4vg
vg = 2.25 (ms™) Al | cao
7(b) Restitution M1 | Attempted. Only one sign error in vel.
2.25-(-2) = -e(-3-5) Al | any correct equation
425 = 8e
e = 0.53125 Al | ft(a)if>-3
7(c) Required Impulse = 3(5 + 2) M1
= 21 (Ns) Al | allow negative answer.




Question Solution Mark Notes
8.
Rx RY
A 06 C T T
05 l X o-zl 04 Y 04
0-5g 49
8(a) Moments about X M1 | Attempt at equation, oe
0.59%x0.1 =49x%x0.2 - Ryx0.6 B1 Al | correct equation A1, one correct mom B1
0.6Ry = 0.8g - 0.05¢g
Ry = 1.25g = 12.25 (N) Al |cao
Resolve vertically M1 | Attempted. dim correct.
Rx + Ry = 0.59 +4g Al | any correct equation
Rx = 4.5g - 1.25¢
= 3.25g = 31.85 (N) Al ftR
8(b) On point of turning about X, Ry =0 M1 | Any equivalent method
Moments about X ml | to obtain equation
(0.5+M)gx0.1 = 49x0.2 Al | correct equation
05+M =8
Al

M = 7.5 (kq)




Question Solution Mark Notes
9.
Area from Oy from Ox

OAP 108 12 3 Bl |[Blfor3
PBQ 12 12 7 Bl |[Blfor7
Lamina 96 X y Bl B1 for 108, 12, 96
X =12 Bl
Moments about Ox M1
108 x3 = 12x 7 + 96y Al | ft values from table
y =25 Al |cao

9(b) tan® = (6 —25)/4 M1A1 | ft (a)
0 = 41.2° Al | ft(a)




M2

Question Solution Mark Notes
1(a) 4 = dv M1 | sinto cos, t retained
dt

a = 36c0s3t + 16sin2t A1Al | one mark for each correct term
1(b) - in3t —

X I123|n3t 8_0082[ at M1 | sinto cos, t retained

X = -4cos3t - 4sin2t + (C) A1A1 | one mark for each correct term

ml | use of initial conditions

t=0,x=0

0=-4+C Al | ftone error only

C=4

10




Question Solution Mark Notes
2(a) Speed = v = ro M1 | use of correct formula, oe
v=06x5
v = 3(ms?) Al
2(b) tension in string = m x acceleration towards centre
T = mro? M1 | use of formula
T = 0.5x0.6 x 52
T=175(N) Al | Tty

11




Question Solution Mark Notes

3(a) Attempt to differentiate v to find the acceleration M1 | powers of t decreased once. vector
a = 6j + 12tk Al
F = 12j + 24tk Al |fta

3(b) Whent=1,v = 2i +6j + 4k and F = 12j + 24k M1 |useott=1inv,Forv.F
Fv = (2x0)+(6x12) + (4 x 24) M1 | correct method for dot product
F.v = 168 Al |ftFv
Units: watts Bl

12




Question Solution Mark Notes
4(a) R
540 4—!L’_W
l800g
Constant speed a = 0 M1 | si
T =540 Al _ _
Power P = T x 60 M1 | any equivalent statement,T horizontal
Power = 32400 (W) = 32.4 (kW) Al
4(b) R T
540 4«
a 800g
— ) _ M1 | use of P/v
T =324x1000+15 = (2160) M1 | dim correct 4 terms
N2L
T — F — 800asing. = 800 A2 | -1 mark for each error
— F—otgsing, = a Al | cao, allow+/-

a = 1.4125 (ms?

13




Question Solution Mark Notes
5(a) , _ 80x0-4 M1 | use of correct formula with at least 2
Hooke's Law T = 1.6 correct values
T = 20 (N) Al
5(b) Using ceiling as zero potential energy _
Initial energy = -4 x 9.8 x 0.5 M1 | any correct use of potential energy
= -19.6 (J) Al | correct value of PE, h=0.5/2/1.5
L 2, 1 0-4° ,
Energy when stringis2m = -4 x9.8x2 + 0.5x4v" + —x80x M1 | Use of EE formula with 80, 1.6
2 1-6 Al | correct EE
Bl correct KE
2 —
2v: - 744 = -196 M1 | Energy equation with 3 types
_ 1 Al | Correct equation, any form

v = 5.23(ms”) Al | accept answers rounding to 5.23 cao
Alternative
1 ,  80x0-4° Bl | KE
- e — . .
2><4><V 2x1-6 x 9815 M1Al | EE

M1A1l | PE
22 + 4 = 588 M1AL | correct equation
V2 = 27.4
v = 5.23 (ms™) Al | cao

14




Question Solution Mark Notes
6(a) Initial vertical velocity = 6.5sinac = (2.5) Bl |si
Using s = ut + 0.5 x 9.8 x t with s =-100, u = 2.5, a = -9.8 M1 | allow +ve values, ft 2.5(c)
-100 = 2.5t—4.9¢% Al
4.9t —25t—100 = 0 ml | attempt to solve by quadratic formula
t=4.78 (s) Al | accept unrounded values, cao
6(b) Initial horizontal velocity = 6.5cosa. = (6) Bl
Required distance = 6 x 4.78
- 28.68 B1 fttand 2.5
6(c) Using V2 = u?+ 2as with u=2.5, s =-100, a = -9.8 M1 | oe. Accept +100,9.8. ft6
V2 = 2.5%+2 x (-9.8) x (-100) Al | ftt !f appropr!ate
Vv = +44.34 Al | fttif appropriate
Required speed = /6% + 44347 M1
= 44.7465 Al | ft candidate’s velocities
1(44 . 34)
0 = 8229° Al | Accept 7.71, 8 or 82. ft candidate’s

velocities. Accept —ve values

15




Question Solution Mark Notes
7. Va = 2i—6j + 9k Bl |si
v, = 22 +67 + 97 M1
Al |cao
=11
7(b) ) . M1 | allow BA
AB = 5+3t-2-2t)i+(-8-6t-3+6t)j+ (10 +7t-1-9t)k Al
AB = (3 +1t)i+(-11)j + (9 -2tk
AB? = (3+1)% + (-11)% + (9 - 2t)? " - -
, ( . )"+ (=11)" + ( ) Al correct intermediate step
AB® = 5t°- 30t +211
2 .
dAdtB 23 +1)+2(9-20)(-2) M1 | attempt to diff or complete sq
= 6+2t-36+8t
= 10t- 30
2
When closest =0 M1 | or5(t-3)%+k
10t = 30
t=3 Al | cao

16




Question Solution Mark Notes
8.
B
— 39
4ms
8(a) Conservation of energy M1
0.5x 3 x 4% = 0.5 mv?+ mg x 0.4(1 - cos6) AlAl | Ke correct, PE with correct h
48 = 3v? + 6 x 9.8 x 0.4(1 - cos0) _
3v% = 48 -23.52 + 23.52c0s0 Al | correct equation
V2 = 8.16 + 7.84c0s0
8(b) T —mgcos® = mviir M1A1
T-3x9.8cos0 = 3(8.16 + 7.84¢0s0)/0.4 ml
T = 29.4c0s0 + 61.2 + 58.8c0sH
T = 61.2 + 88.2c0s0 Al | cao
8(c) Consider T when 0 = 180° M1
T =61.2-88.2<0 Al | ftT=a+bcosb
Therefore P does not describe complete circles Al
8(d) Consider v¥ when 6 = 180° M1
v? = 8.16 —7.84 > 0. Therefore P does describe complete circles Al |cao

17




M3

Question Solution Mark Notes
1. }
—»» VMS
4000 + 1600v P
l800g
1(a) Apply N2L to P -(4000 + 1600v) = 800a M1
_ dv
Divide by 800 il -(5+2v) Al
1(b)(i) Separate variables M1 | Attempt at separating variables
dv )
IS rviale [t Al | correct equation
051In 5+ 2v| = -t +(C) Al | correct integration
Whent=0,v=5 ml | use of initial conditions
C = 05In15 Al | ft 0.5 missing only
R
2 |5+2v

If Pisatrest,v=0 ml
t = 0.5In3 = (0.55s) Al |cao

18




Question Solution Mark Notes
1(b)(ii) o2 _ 15 M1 | Inversion, ft expressions of correct form.
5+ 2v
5+2v = 15 E'Zt
v = 0.5(15e* - 5)
v = 25(3e%-1) Al | cao
2(a) T R
Fe—— p +—»T
Apply N2L to particle T-F = ma M1 | Tand F opposing
4v—(4-16t) = 8a Al
2
Divideby 4 29X _ g4 4 Al
dt dt

19




Question Solution Mark Notes
2(b) Auxilliary equation 2m°-m = 0 B1
mi2m-1) = 0
m = 0,05 Bl both values
Complementary function is A + Be®* B1 | ft solution of auxiliary equation
For particular integral, try x = at® + bt M1 |allowat®+bt+c
X =2at+Db
dt
2
9x_ %
4a—(2at+b) = 4t-1 m1
Comparing cefficients  -2a = 4 Al | both values required, cao
a=-2,b=-1" 05t ne2 Bl follow through CF and PI
general solutionisx = A+Be™™ - 2t° -7t
M1 use of initial conditions
t=0,x=0
0=A+B
dx = 1 Be%t — 4t -7 Bl ft similar expressions
dt
t=0, L =3 ml
dt
3=05B-7
B=20,,A=-20 Al both values, cao
x = 20e%% - 2t* - 7t - 20

20




Question Solution Mark Notes
3(a). Consider the position when the piston has moved a distance x m
T = AX _ 3-2X M1 Al | used, accept £
I 0-5
T = 6.4x
N2L applied to piston 0.1a = -6.4x M1
d2
F;( = -64x = -(8)% Al | depends on both M’s
Therefore the motion is Simple Harmonic with © = 8. Bl
Centreisat O
Period =2n/8 = n/4s. Al | both
3(b) Maximum velocity = 0.8 ms™
Ao = 0.8 M1
A = 0.1(m) Al
Using V¥ = o*(A? - x%) with ® =8, A=0.1, x = 0.08 M1
3(c) V2 = 8%(0.1%-0.08?) Al
v = 0.48 (ms™) Al | cao
3(d) maximum aceleration = »°A = 8% x 0.1 M1
= 6.4 (Ms?) Al
3(e) x = 0.1sin(8t) M1 | allow cos
0.05 = 0.1sin(8t) m1l
t = 0.125sin(0.5) = /48 = 0.065 (s) Al | cao

21




Question Solution Mark Notes
4, a9 M1
2x?
% _ 9 ml
T a2
x 2x " M1 separate variables attempted
JZVdVZ-QJX dx AlA1
vZ = x4+ (C)
When x=0.75,v=3 mi
?: :_ _93/ 0.75+C Al cao
=393
X
When x =2 ml
VA= 45-3 =15
v = 1.22 _ . Al cao
Speed of P when x = 2 is 1.22ms
When P comes to rest,v=10
9.3
X
Xx =3
P is at rest when x = 3.
Al

22




Question Solution Mark Notes
5(a). Using V> = u® + 2as withu =0, a=9.8, s = 0.9 (downwards positive) M1 |allow-9.8,s=-0.9
VA= 0+2x9.8x0.9 Al correct equation
v = 4.2(msh Al | cao
5(b) Before After
J
¢4-2 3
Y
OT ? 3 VT
39
4q 49
J = 3(4.2-V) M1A1 | dimensionally correct
J = 4y M1A1 | dimensionally correct
12.6 -3v = 4v ml attempt to solve simultaneously
v =126
v=18ms" Al |cao
J = 4v
J = 7.2 (Ns)
Al cao
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Question Solution Mark Notes
6. ATY
X < B C
) A 0-6 l
T
08 15g 20N
D
M1 about point, one cor term, dim cor eq.
6(a) Moments about A A3 -1 each error
Tx0.6sin6 = 159 x 0.6 + 20 x 1.2 Al cao
T = 233.75 (N)
M1 no extra forces, no left out forces
6(b) Resolve vertically Al cao
Y + Tsin@ = 15¢g + 20
= -20 (N)
Resolve horizontally M1 | no extra forces, no left out forces
X = TcosO Al cao
X = 140.25 (N)

24




Question Solution Mark Notes
6(b). Therefore R = /140 252 + 20° Xi i€ bt s awarded
R = 14167 (N) I both Vs awarde
o = tan[ 2 M1
140-67
o = 8.1° below the horizontal Al ft if both M’s awarded
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S1

@ Prob:§x§x1x6 or > X 3 x l; %
9 8 7 1) (1) (1) (3

5
= — (0.179
>8 (0.179)
6
(b) Prob= 2x2x 2 or =3 (0.238)
9 8 7 3)° 21
5) (9
© P(Allred) = 2x 253 or [ 2] (3)
9 8 7 3) \3)\42
3) (9
P(All green) = SxZy E or + (ij
9 8 7 3) (3)\84
P(Same colour) = =l + R (0.131)
42 84 84
[FT their two probs found in (c)]
(@) E(Y)=4a+b=16
Var(Y) = 4a* =16
a=2 cao
b=8 cao

(b) Because Y cannot take all appropriate values, eg 0.

() P(AUB)=1-P(A'n B
=0.55
Not mutually exclusive because P(A)+ P(B) = P(Au B)
(b) EITHER  P(AnB)=P(A)+P(B)-P(AUB)
=01
Use of P(AnB)=P(A)xP(B) =0.1
A and B are independent.
OR
P(A)=0.75,P(B") = 0.6
Use of P(A'nB")=P(A")xP(B’) =0.45
A and B are independent.
[Accept correct use of these arguments in reverse]

@@ XisPoi(12). si
1210
<=
10!
=0.105 (FT their mean]
[Award MO if answer only given]
(i) YisPoi(6). si
P(Y >5)=1-0.4457
=0.5543 (FT their mean]

PX=10)=¢e™

(b) p, =% =0.03
—0.2tloge =10g0.03
t=175 cao
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(a)

(b)

(©)

(a)

(b)

(©)

(@)

(b)(i)

(i)

(©)

k1+4+9+16)=1
k=1/30

E(X):i(1x1+2x4+3x9+4><16)
30

E(X?)=—(Ix1+4x4+9x9+16x16)

w =
o |& Elr w5

Var(X) = %9 - (%jz

-3 (0.688) cao
45

Possibilitiesare 1,3 ;3,1 ;2,2 Si
[Accept 1,3 ; 2,2]

Prob = 3—:I0'2(1><9+9><1+ 4x 4)
=0.038

If the fair coin is chosen, P(3 heads = 1/8)  si
P(3 heads) = 1><1+g><l

3 3 8

5

12

1/3

Reqd prob = ——  (FT the denominator from (a))

5/12

Cao

ol

P(Head) = 2 x1+1x L=
55 2 10

[FT their probability from (b)]

Independent trials.
Constant probability of success.

20
P(X=8) = [ 8 j><0.48 x 0.6

=0.180
[or 0.5956 — 0.4159 or 0.5841 — 0.4044]
P(6 < X <10)=0.8725-0.1256 or 0.8744 — 0.1275

=0.747 cao
[Award MO if answer only given in (i) or (ii)]
The number of hits, Y, is approx Poi(4). Si
P(Y <5)=0.6288
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8.

@) E(X) = j.12x.x2(1— X) dx (No limits required here)

_ 12x“_12x5 '
4 5 0

= 0.6
(i) E(1/X) = _[—x (—x)dx (No limits required here)
0
12x? 12x
2
=2

(i) EITHER
0.5
P(0.2< X <0.5) = j12x2(1— x)dx

_ [12x3 B 12x‘T5
3 4 0.2

=0.285

OR
F(x) = 4x® - 3x*
Required prob = F(0.5) — F(0.2)
=0.285

(b) at+b=0
2at+4b=1
[Award M1AO for 1 correct equation]
Solving,
a=-Y%b=%
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S2

30-28
7= =
2
Prob =0.1587 cao
[Award full marks for answer only]
(ii) Distribution of X is N(28, 4/5)
[Award M1AO for N and 1 correct parameter]
30-28
Jals 2.24
Prob = 0.987 cao
[Award mOAOAO for answer only]

1.0

(@) (i)

z

(b) Let A,B denote the times taken by Alan, Brenda.

Then A-B is N(3,13).
[Award M1AO for N and 1 correct parameter]
We require P(B >A) =P(A-B <0)

Z= 0-3 =-0.83 [Accept +0.83]

V13
Prob = 0.2033 cao
[Award mOAOADO for answer only]

(@) X = 50 (=21.5)

0.5
—— (=0.0645...
5o )

95% conf limits are
21.5+1.96 x 0.0645

[M1 correct form, Al 1.96]

giving [21.37,21.63] cao

SE of X =

(b) We solve
0.5
3.92x—=<0.1
Jn
n> 384.16

[Award M1AOAO for 1.96 in place of 3.92]
Minimum sample size is 385.
[Award B1 for rounding up their n]
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(@)
(b)

(©)

(@)
(b)

H,:x=05 H:u<05 Bl

Under Hy, mean = 15 Bl
p-value = P(X<12|4=15) M1
=0.2676  cao Al
Insufficient evidence to reject Ho. Bl
[FT their p-value]
X is now Po(100) which is approx N(100,100) si Bl
_ 80.5-100 M1AL
N
[Award M1AO for incorrect continuity correction]

= -1.95 Al

[80 gives z = -2, p = 0.02275;79.5 gives z = — 2.05,p = 0.02018]
p-value = 0.0256 Al
Strong evidence to accept H. Bl

[FT their p-value]

Ho g = w0 Hy i # 1y Bl
X = %( 14.35) B1
y= & _ (14.0) B1
7
2 2

SE (X-Y)= 0': 0> (=0.2587.) M1A1
- M 135 M1A1

0.2587..
Prob from tables = 0.0885 Al
p-value = 0.177 Bl
Insufficient evidence to reject her belief (at the 5% level). Bl

[FT their p-value, conclusion must refer to her belief]

f(u)—bL a<u<b, (=0 otherwise) Bl
b
E(U?) = 0 ! )qudu (Limits not required here) M1
1 [w]
= — Al
(b—a){ 3 }
1 (O®-a% Al
(b-a) 3
_ 1 (b-a)@+ab+b?) AL
(b—-a) 3
_ a’+ab+b’
3

30



(b)(i)
(i)

(iii)

@)

(1)

E(X)=3, Var(X) =3
Y=12-X
E(XY) = E(12X — X?)
=12x3- 36
3
[FT their values from (i)]
=24
Let T denote the total length.
Then T is approx N(300,300).
[Award M1AO for N and 1 correct parameter]
- 280-300 __115

300
Prob = 0.8749
[Award m1AO0AL for use of continuity correction giving
z=-1.13,p=0.8708 orz=nm-1.18, p = 0.8810]

X'is B(20,0.3) si
P(Accept Hy | Hotrue) = P(X>9) | p=0.3)
=0.1133

X'is B(20,0.6)
P(Accept Ho | Hy true =P(X < 8| p = 0.6)
The number of tails, T, is B(20,0.4)
Required prob =P(T>12 | p =0.4)

= 0.0565

(b)(i) Y is B(80,0.3) which is approx N(24,16.80)

(i)

P(AcceptH, | H, true) = P(Y > 36| H,)
S = 35.5-24
V16.8
Required prob = 0.00248
[Award m1AO0 for incorrect continuity correction]
Y is B(80,0.6) which is approx N(48,19.2)
P(Accept H, | H, true)=P(Y <35| Hop)
- 35.5-48
V19.2

Required prob = 0.00219
[Award m1AO0 for incorrect continuity correction]

=2.81

=2.85
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(@)
(b)
(©)

(d)

Accept Bill’s claim because 0.75 lies in the interval.

P =0.67

S3

ESE = 1/M =0.04702.. Si
100

95% confidence limits are
0.67£1.96x0.04702.. [FT from (b)]
giving [0.58,0.76] cao

[FT the conclusion]

x=2491_1 401

100

2229 149.7°

99  99x100
[Accept division by 100 giving 0.005919]
Test stat = =491~ 1.5

4/0.0059787/100

=-1.16 (-1.17) cao

Value from tables = 0.1230 (0.1210) cao
p-value = 0.246 (0.242)
The manufacturer’s claim is supported OR mean lifetime is 1500 hrs

(@) The possibilities are

= 0.0059787...

(FT from line above)

Numbers drawn

112

113

114

123

124

134

234

w
@OO\ICDCDU'I-&%

M1A1Al

[M1A1 possibilities, Al sum ; M1AOAL if 1 row omitted]
The sampling distribution of the sum is

Sum

4

5

6

7

8

9

Prob

1/10

1/10

3/10

2/10

2/10

1/10

(b) The sampling distribution of the largest number is

Largest

2

3

4

Prob

1/10

3/10

6/10

Expected value = 3.5
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(a)

(b)

(@)
(b)

UE of u =279/12 = 23.25 Bl
X =279;¥x* = 6503.64 (seen or implied in next line) Bl

 6503.64 279°

UE of % = - M1
11 11x12
= 1.5354... Al
[Award MO if no working shown for variance estimate]
DF=11 i Bl
At the 90% confidence level, critical value = 1.796 Bl
[FT if critical value is 1.363 leading to (22.8, 23.7)]
The 90% confidence limits are
23.25 +1.796 1'5f254” M1A1
giving [22.6, 23.9] Al
[Award MO if normal distribution used]
HO:qu:/uy;Hl::ux</uy Bl
X =24.75,y =26.0 B1B1
2
s2 = 37364 _ 1485 =10.3432... Bl
59  59x60
2
s; = 122l 1500° 19 2033.. B1
59  59x60
[Accept division by 60 giving 10.1708... and 11.0166..]
SE = \/10.3432.. , 112033 M1
60 60
=0.5992.. (0.5942..) Al
Test stat = 200~ 2475 M1
0.5992
=2.09 (2.10) Al
[FT their z-value]
EITHER
p-value =0.0183 (0.0179) Bl
OR
Critical value = 1.645 Bl
Strong evidence to accept the managing director’s belief (at the 5%
significance level). Bl

[Accept the use of a confidence interval except for the final M1A1]
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(a) D> x=90,> x*=1420,> y =169.2, > Xy = 2626.2

S,, =2626.2-90x169.2/6 =88.2
S, =1420 - 90%/6=70
b= @:1.26 cao
70
4= 169.2-90x1.26

6
= 9.3 cao
[Award MO, MO for answers only with no working]
(b) [FT from (a) where possible.]
Est solubility at 17°C =9.3 + 1.26 x 17 = 30.72

2
SError = 0.151/1+w =0.07096..
6 70

The 99% confidence interval for solubility at 17°C is given by

30.72 £ 2.576 x 0.0710

Bl
Bl

M1A1

M1
Al

M1Al

M1Al

M1A1

[FT from their est solubility and stand error if M marks awarded]

ie (30.5,30.9) cao

1
@) E(X) = | x(%+@<) dx
-1
[must see limits either here or next line]
2 3
X_+9X_
4 31,
20
3
t (1
E(X?*) =[x} =+ |d
(X9) le [2+ j X

[must see limits either here or next line]
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(i)

(b)

(©)

(d)

Var(V) - Var(U) =

P(X >0) :jem() dx

[must see limits either here or next line]

x 2T
= _+_
3

0

1+6

E(U) = E(X)

[Award MO if E omitted]
Var(U) = %Varo? )

g (3-46°)
4 9n
_3- 40?

4n

E(V) = %E(Y)—l

_2 y nl+6)
n 2
=40
[Award MO if E omitted]

Var(V) = —Var(Y )

-1

_ 4
Tt
_1-¢
n

S

3-40°

1-6?
n

_ 4 40?

4an

—3+407

4n

1
4

GCE Mathematics - M1-M3 & S1-S3 MS - Summer 2011

n
Since Var(U) < Var(V), U is the better estimator.
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