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FOREWORD

This book covers the requirements in Unit M2 of the new WIEC syllabus and also most
of the topics required in the Unit MS. Statics, which is required in Unit MS is covered in
the M3 book.

The treatment of vectors is confined to those aspects which are relevant to Mechanics.

We are indebted to a number of teachers who made various suggestions. In particular, we
extend our thanks to Kevin McGuire, John Langley and Elwyn Davies who checked and

sent us answers to exercises mn the old M1 book, which are also used in this book.

Every effort has been made to eliminate errors present in previous versions. However,

any that remain are the responsibility of the authors.
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Rectilinear Motion

Chapter 1

Rectilinear Motion

After working through this chapter you should
s be able, given one of displacement, velocity or acceleration as a function of time, to

find the other two.

e be able to solve simple problems involving forces dependent on time.

1.1  Problems needing the use of calculus
You have already learnt in M1, chapter 4, how to solve problems involving motion in a
straight line under constant acceleration. In this chapter, problems where acceleration

depends on time will be considered.

The basic relations between displacement x, velocity v and acceleration @ are

dx
POE e——
dt
de dr’

The simplest types of problems that can arise are those when x is given in terms of ¢ and
it is required to find v and/or 4, or v is given in terms of 7 and « has to be found.

Solutions to problems of this type only require differentiation of the given quantities.

A slightly more complicated class of problems is that where « is given in terms of ¢ and
x has to be found. In these cases, the given guantities have to be integrated with
respect to time. Every integration produces a constant of integration so that values of x
and/or v must be known for some values of z.

In dynamics, as you will find in the next chapter, force is directly proportional to
acceleration. Therefore problems involving the action of forces normally mean having

to find v and/or x from a given acceleration. In practical circumstances the acceleration
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may not be a function of 7 only but may depend on x and/or v. Problems of this type are

harder to solve and will be considered in M3.

Example 1.1
The displacement of a particle at time ¢ s is (t° + 4¢° + 6¢) m; find its velocity and

acceleration.
Differentiation with respect to ¢ gives the velocity as (3¢° + 8¢ + 6) ms ™' and a further

differentiation gives the acceleration as (67 + 8) ms ™.

Example 1.2

Find the acceleration of a particle at time ¢ s given that its velocity is ¢ sin 3t ms ™.

The acceleration is found by differentiating the velocity with respect to time. In this
case the product rule for differentiation has to be used, so the acceleration is

(sin 3z + 3t cos 3H) ms .

Example 1.3
Find the position of a particle at time ¢ s given that its acceleration is / ms “and that at

time ¢ = 0 the displacement of the particle from a fixed point and the velocity of the
particle are 3 m and 6 ms ™', respectively.

In this case
dv

dr

where the velocity is vims—', and integrating this equation with respect to ¢ gives

3

V= Efz + constant. Since the velocity is 6 ms ™' at time ¢ = 0 this gives the constant to

be 6, Therefore

dr 2

where x m denotes the displacement. Integrating this equation with respect to ¢ gives

1 . . . . o
x:gﬂ + 61 + constant. Since the displacement is 3 m at time ¢ = 0 substitution of

¢t = 0 into the expression for x gives the constant as 3.

Therefore the displacement is (%13 +6r +3)m.

An alternative method which would avoid introducing a constant is to integrate

, 1
k] -] =g v
att atr=0
substituting for [x ] 0 as 3 gives the previous result.
ati=
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The method to be used in problems where the acceleration is given in terms of ¢
cssentially consists, as in the above example, of two steps:-

(1) Integrate with respect to ¢ to find v, remembering to introduce an arbitrary constant
or to Integrate between limits if v is given for some value of .

(1i) Integrate the expression for v to find x, remembering to introduce & second constant
or to integrate between appropriate limits if possible. Then find the constants using the

given initial conditions.

Example 1.4
A particle moving under an acceleration of r* ms ~ at time ¢ s has a velocity of

1 ms ™ when ¢ = 3 and its displacement from a given point is 4 m when ¢ = 12. Find its
displacement from the given point when 1= 9.

The velocity vms ™" at time ¢ s satisfies the equation
dv 2

2

de

. . . N 1 9 N . .
Integrating this with respect to ¢ gives v = 3t where ¢ is a constant. Substituting

v =1 and ¢ =3 in this equation gives 1 =9 + ¢, so that ¢ = —8. Therefore
where x m denotes the displacement. This equation needs to be integrated again, One
method 1s to integrate directly introducing another arbitrary constant and find this by
using the value of x at r = 12. The alternative, which is the one used here, is to integrate
fromt=12tot=1t.

This gives

k] —[x] = —1—12—(14—124)—8(t~12)

Substituting for the value of x at ¢ = 12 and evaluating x at 7 = 9 gives the
displacement fromx =4 at time 1 =12 as ~1157.25 m. So the actual
displacement is —1157.25 + 4 =-1153.25m

In slightly more complicated problems, the form of the acceleration may differ from
one time interval to another. In such cases, the general solutions should be found for
each of the time intervals separately and the constants determined from the given
conditions. The values of x and v at the end of one time interval may be needed to

work out the appropriate constants in the succeeding interval.
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Example 1.5
A particle starts from rest with acceleration (2 + 6£) ms at time ¢ s and after 2 s the

acceleration changes to the constant value of 14 ms ™ and is then maintained at this
value. Find the distance covered in the first 5 s of the motion.
For the first 2 s,

dr
Integrating with respect to ¢ gives v = 2t + 3t* + b, where b is a constant. Substituting
the values at £ = 0 gives b= 0 and so v =2t + 3¢°. A second integration with respect to
{ gives
x =t 4+t +g¢,
where ¢ is a further constant. Atr=0,x= 0,andsoc= Oandsox=¢> +1'. So after
2 s the particle has velocity 16 ms ™ and has covered a distance of 12 m. It now moves
2

with a constant acceleration of 14 ms™ with initial speed 16 ms ™' for a further time of

(5 -2)s=13s. Using an equation for constant acceleration gives

5 = §6><3+%x14x9:111.

Therefore the required displacement is {12+ 111)m =123 m.

Exercises 1.1
The following questions refer to a particle moving along Ox, where x m denotes the

" and ¢ ms™ denote the

displacement from O of the particle at time ¢ s, and v ms~
velocity and acceleration in the sense of increasing x, at time 7 s.

1 x=7t" +2¢° +5, find a.

2 v=3+4% +1, find a.

3 a=24t" +18+2,v=2andx=0when /= 0; find x.

a=20t" +12t°> x=1whent=0, v=6 whent=1; find x.
a=e>x=2andv=4whens=0; find x.
a=6iwhen0<r<sl,a=6whent21,v =1andx=0 whent=0;

findxforr=1and r=2.

=2 NP T *N

findx fort>1.

1.2 Forces dependent on time

In practical situations, forces acting will not be constant. For example, even for a car
working at a constant rate the force will depend on velocity, and it 1s often not very
straightforward to find the position and velocity given the force. You have already
seen that finding the displacement from the force is not difficult when the force is

constant. The other case which can be done fairly easily is that when the force is
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known in terms of ¢. The equation of motion F = ma gives the acceleration in terms of ¢

and therefore x and v can be found exactly as in 1.1.

Example 1.6
A particle of mass 0.4kg is moving under the action of a force in the positive

x-direction which at time 7 s is 4 exp 7 N and which acts for 0 < ¢ <4, Attime? = 0the

particle is at rest at the point x = 0. Find its velocity and displacement when ¢ = 4.
If v ms ™' denotes the velocity in the positive x-direction, then Newton’s second law
gives

0.4 Q— =4 exp -t—
dt 4

Integrating this equation from ¢ = 0 to ¢ = ¢ gives
t
v=40 exp——11,
[ *a J

where the condition v = 0 at ¢ = 0 has been used. Substituting ¢ = 4 gives the velocity
att=4as68.73 ms™".
/ 3
Therefore —d{ = 40 e:pr;pi -1
a L s
where x m denotes the displacement at time ¢ s, and integrating this equation from 7 =0

to ¢ = f gives

x=40(4exp—x~—£}—40(4)
4

where the condition x = ( at ¢ = 0 has been used. Substituting ¢ = 4 gives the

displacement at £ = 4 as 115m.

Exercises 1.2

1. A particle of mass m kg moves in a straight line under the action of a force acting
along the same straight line and which at time 7 5 is m (2 + 6:)N. The particle 1s
moving at 20ms ™ when ¢ = 2. Calculate the speed of the particle when ¢ = 0.

2. A body of mass 2 kg starts from rest at O and moves along the x-axis under the
action of a force (6t - fZ)N acting in the positive x direction. What is the speed of
the body (i) after 3s, (11) after 9s from the start?

3. A particle of mass m kg starts from rest at the origin and moves in a straight line
under the action of a force along this line, which at time ¢ 5 is 0.2me >’ N. Find the
velocity of the particle when ¢ = 3, and the distance of the particle from the origin
when ¢ = 2.

4. A particle of mass m moves up a line of greatest slope of a smooth incline plane, the
angle & made by this line of greatest slope with the horizontal being such that
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3 . . . L
tan o = e There 1s a force acting on the particle up this line of greatest slope

which at time ¢ s is given by m (12 - 3t)N. Find the velocity acquired when starting

from rest in (i) 2s, (ii) ¢ s. Find the distance travelled in 3s from rest.

Miscellaneous Exercises 1

1 A particle P moves along the x-axis so that its velocity at time ¢ s is vms ™' where
v =97 —4r+1.
Given that P is at the origin when ¢ = 0, find
(a) the distance of P from the origin when ¢ = 1,
(b) the acceleration of P when ¢t = 1.

2 A particle moves along a straight line so that its acceleration at time ¢ seconds is
(6t —8) ms . At =0 seconds the particle passes through the fixed point O with a
velocity of 4 ms ' . Find
(1) the distance from O of the point where the particle first comes to instantaneous

rest,
(i1) the total time 7T seconds taken by the particle to return to the starting point,
(iii) the greatest speed of the particle for 0 <¢<T.

3 A particle moves in a straight line so that its speed at time ¢ s is inversely
proportional to (¢ + 3), and when ¢ = 2 s, the particle has a retardation of 4/25 ms ™
Given that the particle is at O at time ¢ = 0, find its distance from O when ¢ = 1.

4 The acceleration, at time ¢, of a particle moving in a straight line is k sin pt, where &
and p are constants. At time ¢ = 0 the particle is at the point O and moving with

velocity u. Show that its velocity at any subsequent time is
k
u+ —(1 —cos pt).
p
Show that, for u = 0, the particle first comes to instantaneous rest after travelling a
27k

P

5 A particle, moving in a straight line, starts from rest at time ¢ = 0 s, and at time ¢ s its
1

distance of

velocity vms — is given by
v=3t(t—4) for 0<t<5,v=75/t 5<t<k,

where k is a constant.

(1) Sketch the velocity-time diagram for the particle for 0 <t < k.

(i) Find the range of values of ¢ for which the acceleration of the particle is
positive.

(iii) Show that the total distance covered by the particle in the interval 0 <7< 5 is
39 metres.

(iv) Given that the distance covered by the particle in the interval 5 <¢ < kis also

39 metres, find, to 2 significant figures, the value of 4.

6
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In order to model the final stages of the motion of a bird it is assumed that its speed

is(a+ht)ms™

, where a and b are constants. The speed of the bird when ¢ = 0 is
4ms " and it comes to rest when ¢ = 3. Find the values of @ and b.

A more refined model is then sought which is such that the acceleration of the bird
is zero when it comes to rest. Assuming that in this case, v=p + gt + rt?, where p,
g and r are constants, find the values of these constants.

Determine, for this model, the distance travelled by the bird in the last three seconds

of its flight.
A particle P of mass 0.2 kg is acted on by a variable force so that its velocity in

ms ~ attime ¢ s is 16 — t* . Find the distance covered by P from time ¢ = 0 until it
comes to rest instantaneously. Find also the force acting on the particle at time ¢ s.
Two bodies of mass 1 kg and 2 kg, initially at the points 4 and B respectively, start
from rest at r = 0 and move along the horizontal straight line AB. The first is acted
on by a force of (6¢+ 2)N towards B and the second by a force of 2 (1232 + lé)N

towards 4. Find

(a) the speed of each body after 1 second,

(b) the distances covered by each body during the first second.

Given that the bodies collide after 1 second, find the distance 4B.

An electric train of mass M kg moves from rest along a straight level track. The
tractive force of the motor, initially P N, decreases at a constant rate with time to
R N over a period of T s and then remains constant at R N. The total resistance to
motion is R N. Show that the acceleration a of the train at time ¢ s after if starts to

move is given, for0 < ¢ < 7, by
MaxPJr(R—P)-%-R.

Find the maximum speed achieved by the train and the distance it travels before

reaching that speed.

. . T 3T
Find the power developed by the motor at time (i) 7 (i) 3? .
A car of mass 1000 kg moves along a horizontal road with acceleration proportional
to the cube root of the time ¢ seconds after starting from rest. Whent =27, the
speed of the car is 8 ms ™' . Find the rate at which the engine driving the car is

working when ¢ = 64. Frictional resistances may be neglected.
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Chapter 2

Work, Energy and Power

After working through this chapter you should

s be able to calculate the work done by constant forces and those dependent only on
position,

s know what is meant by kinetic energy, potential energy and power,

s Dbe able to use the work-energy principle to find the work done by a force,

e know when the total mechanical energy is conserved and use the principle of
conservation of mechanical energy to solve simple problems,

e be able to calculate the power necessary for engines such as water pumps to carry

out their tasks.

2.1 Work done by a constant force

You will probably connect the word work with something which requires effort, for
example if you push a wheelbarrow up a hill, or just cycle up a hill, you will feel that
you have done some work. In Mechanics it is possible to give a precise definition of
work which is, in fact, consistent with this general idea of expending effort. The
simplest definition is for the case when the force is constant.

The work done by a constant force moving a particle along a line is the product of the

distance moved by the particle and the component of the force in the direction of

motion.

The work done by a force of | newton moving through 1 metre is the unit of work and
is called the joule (J).

The work done can be positive or negative according as to whether the force is acting

towards, or away from, the direction in which the particle is moved.

Example 2.1
Find the work done by a horizontal force of magnitude 30 N which pushes a heavy

parcel a distance of 4 m along a smooth floor.

30N

The work is the product of the distance and the component of force in the direction of

motion and is therefore 30 x 4 J =120 J.
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Example 2.2

40N

60°

The diagram shows a particle on a horizontal wire being pulied along by a constant
force of magnitude 40 N inclined at an angle of 60° to the wire. Find the work done
by the force in moving the particle a distance of 0.4 m along the wire.

The component of force along the wire is 40 cos 60°N = 20 N and therefore the work
doneis20x 0.4J=8].

Sometimes it is not the work done by a force that is required but the work done
against it and you have to be clear as to which you are calculating. For example if a
parcel of mass m is lifted a vertical distance 4 then the work done by gravity is —mgh,
since the component of gravity in the direction of the motion of the particle is —mg.
In order to find the work that has to be done in the lifting, it is assumed that the lifting
is carried out extremely slowly at a constant speed so that the total force acting is zero
and the lifting force therefore exactly balances the force of gravity. The magnitude of
the lifting force is therefore myg and the work done by the lifting force is mgh. For a
wheelbarrow moving up a hill the force of friction and the component of the weight
along the hill are both in the opposite direction to the motion and so the work done by
them is negative, If the wheelbarrow is moving at a constant speed, then the pushing
force just balances the other forces at all times and the work done by it is minus the
work done by friction and gravity. In general the work done against a particular force
is taken to be minus the work done by the force.

Example 2.3
A particle of mass 0.5 kg is pulled a distance of 4 m, at a constant speed, up a slope

L ) 3 .
inclined at an angle o to the horizontal, where tan o = 7 The pulling force acts
parallel to a line of greatest slope of the plane. The coefficient of friction between the
particle and the plane is 0.5. Find the work done in this motion by the pulling force.

R p

F(; 10.5 X98N
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The left hand diagram diagram shows the forces acting on the particle with /, R and P
denoting the magnitudes of the friction force, the normal reaction and the pulling
force, respectively. The reaction of the plane does no work since its component in the
direction of motion is zero, similarly it is only the component of the weight along the
plane that does work. There are two ways of carrying out the calculation. One way is
to find the work done by the friction and the work done by gravity separately and add
them together. The work done by the pulling force is then minus this work. The other
way is to say, since the particle is moving at a constant speed and has therefore no
acceleration, that the force acting along the plane is equal in magnitude but opposite
in direction to the components of friction and gravity along the plane, and work out
the work done by this force. This second method is the one that will be used. The
reaction is found by resolving perpendicular to the plane and is 0.5 x 9.8 x cos a N.

The right hand diagram above shows that cos o = S and therefore the reaction is 3.92

N and the force of friction is 1.96 N. The component of the weight down the plane is
0.5 x 9.8 x sin o = 2.94 N. The total pulling force is therefore
(2.94+ 1.96) N =49 N, The work done is thereforc 4.9 x 4 1=19.6 J.

Before calculating work done you should check that the force is constant before
multiplying it by the distance moved. This method only makes sense for constant
force. For forces which vary with position you need to use the definition in the

following section.

Exercises 2.1

1 Find the work done by a horizontal force of magnitude 2 N pushing a particle a
distance of 0.8 m along a horizontal surface.

2 A climber of mass 55 kg, climbing at a constant speed, does 1000 ] of work. Find
the distance climbed.

3 A parcel of mass 5 kg is lifted, at a constant speed, through a height of 5 m. Find,
modelling the parcel as a particle, the work done against gravity.

4 A particle of mass 0.2 kg is pulled at a constant speed of 5 ms—! along a rough
horizontal surface. Given that the coefficient of friction is 0.3, find the work done
against friction in 4 s,

5 A particle of mass 0.3 kg is pulled at a constant speed up a smooth plane inclined
at an angle of 20° to the horizontal. Find the work done against gravity in moving
the particle a distance of 3 m up the plane.

6 A packing case is pulled a distance of 4 m at a constant speed across a horizontal
floor by a rope attached to it and inclined at an angle of 40° to the horizontal.

10
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Given that the total work done by the pulling force is 80 I, find the tension in the
rope.

7 A toboggan of mass 20 kg is pulled at a constant speed a distance of 12 m up a
snowy slope inclined at an angle of 20° to the horizontal. The coefficient of
friction between the toboggan and the snow is 0.6. Find
(1) the work done against gravity,

(i1) the work done against friction.
Given that the toboggan is being pulled by a rope attached to its front, find the
tension in the rope for the two cases when
(a) the rope is parallel to the slope,
(b) the rope is at an angle of 45° to the slope.
8 A particle of mass 5 kg is pulled with constant speed up a plane inclined at an

. . 3 .y .y
angle o to the horizontal, where sin o = i The coefficient of friction between the

plane and the particle is % Given that the pulling force acts along a line of

greatest slope, find the work done in moving the particle a distance of 10 m.
9 A man and bicycle are of total mass 100 kg. He travels, at a constant speed, a

distance of 1 km up a hill inclined at an angle o to the horizontal, where

sin o = 20 The other resistances acting on him and directly oppesing his motion

total 20 N. Find the total work done by the cyclist.
10 The cyclist in the previous question is fravelling at a constant speed down a hill

inclined at an angle o to the horizontal where sin o = i% and does 1200 T of

work in travelling a distance of 400 m. Find, assuming that it is constant, the total

resistance to his motion.

2.2 Work done by a force dependent only on position

If a force is not constant, but depends on position, then it is not sensible to define
work as force times distance since you would not know at what point to calculate the
force! In order to find a more sensible definition it is necessary to have a graphical

interpretation of work.

FA FA
P T T ///:/

i i J |

i [ i !

i i " ! L >
0 a b S 0 a b X

11
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If the component of force in the positive x direction is denoted by F then the left hand
diagram shows the graph of F for a constant force of magnitude P and the right hand
diagram a possible graph when F is not constant but depends on position i.e. x. If F
has the constant value P, then the work done moving from x =a tox = b is P(b — a);
this is the area under the straight line in the left hand diagram. Therefore a sensible
definition of the work done moving from x = ¢ to x = b when F depends on x would
be the area under the curve in the right hand diagram between the lines x = «
and x = h. This is the definition used, and since the area under a curve can be
represented as an integral, the work done in a displacement of the point of application

of the force from x = a to x = b is defined as

]'F (x)dx.

This definition, as has been shown above, reduces to the original definition when the
force is constant.
The integral definition is actually valid for all forces but, when the force depends on

other variables such as ¢ and v, the integral is not easy to evaluate.

Example 2.4
When the displacement of a particle from the origin is x m, the force acting on it is of

magnitude (10 + 4e™*) N and acts in the positive x direction. Find the work done

when the particle moves from x=0to x = 1.

The work done is
1

10+4e™ Jdx J=10-4le” —1) =144 ]
I ) (' -1)

0

Exercises 2.2

1 When a particle P is at a point on the positive x-axis at a distance of x m from the
origin, the force in the positive x direction is of magnitude 4x N. Find the work
done by the force when
(i) the particle moves from the point x =1 to x =2,
(i1} the particle moves from the point x =4 to x = 3.

2 When the displacement of a particle from the origin is x m, the force in the positive
x direction acting on it is denoted by F(x) N. Find the work done in moving the
particle from the point x = a to the point x = b when

(i) F=4x’ +3x’,a=1,b=2,
(i) F=3+4e X, a=0,h=1,
(i) F= :%, a=2,b=4.

12
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3 A truck is pulled along a straight horizontal track by a horizontal force whose

magnitude, when the truck is at a distance of x m from its starting point, is

(8 - ‘2'% yN. Find the work done as the truck moves a distance of 100 m.

2.3  Work done by the tension in an elastic string

As
A {

¥ T ¥

1 i
e | — s-—;»:

If an elastic string has one end fixed at a point 4 and the other end is extended a

distance s beyond its natural length, then Hooke's law shows that the tension T is of

magnitude —!{ where A is the elastic modulus and / is its natural length. This tension

acts away from the extended end as shown in the left hand diagram and therefore its

A . . -
component towards the fixed end is ~—;§ The right hand diagram shows the variation

of tension with extension s. The magnitude of the work done by the tension when the

string 1s extended from s = 0 to s =x 1is therefore the area under the straight line
2
between s = 0 and s = x; this is BT Since the tension is directed away from the

2
direction of extension, the work done by it in the extension is T The same result

. . . . . . . hs
1s obtained by integrating the force in the direction of the extension, i.e. — e from

s =0and 5 = x, this gives
X
As A’
— -.._dS T e cve—— .
/ 21
g
The particular letter used for the variable of integration is not very important, it is
what is known as a dummy variable, but it is better, and avoids confusion, not to use
as a variable of integration a variable which occurs in one of the limits.

Therefore the work done against the tension in extending an elastic string a distance x
52
18 ? and this can also be shown, in a similar way, to be true when a spring is

compressed a distance x.

13
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The work done against the tension in increasing the extension of an elastic spring

from a to b is

b
s Ao, ;
;[TdSZZ—I(b —a )

Exercises 2.3

Find the work done in extending an elastic string of natural length / m and
modulus A N a distance of x m from its unstretched length when

1 /=2, % =100,x=02.

2 1=3,x =300,x=04.

3 71=25A=500,x= ﬁ

Find the work done in increasing the extension of an elastic string of natural length /

m and modulus A N from @ m to b m when

4 [=2, A =300,a=02,b=04.

5 /=3, A =600,a=04,b=0.7.

6 A light elastic string of modulus 30 N and natural length 1 m hangs unstretched.
Find the work done by a man in stretching the string a distance of 0.1 m.
How much extra work 1s needed to extend the string by a further 0.3 m?

7 An elastic string of natural length 1 m and modulus 50 N is horizontal and has one
end fixed and is stretched by applying a force of 5 N to the other. Find the work
done by this force.

2.4 Kinetic energy and the work-energy principle

The word energy occurs very often in everyday life and there are many different
forms of energy e.g. heat energy, electrical energy, chemical energy. The use of the
word is often very loose but in any scientific work it is necessary to be a little more
precise.

The energy of a particle is its capability to do work. This is not a particularly clear
definition but one which you may understand a little bit more clearly by considering

one particular form of energy encountered in Mechanics. This is Kinetic Energy

. . ) . . 1
(K.E.), which, for a particle of mass m moving with speed v, is defined as 5 mv,

Kinetic energy is effectively the energy possessed by a particle by virtue of its
motion. The unit of kinetic energy 1s the joule (J).

The kinetic energy can be related to the capacity of a particle to do work by imagining
a particle of mass m set off with speed v on a rough horizontal floor. The friction
force will act in the opposite direction to the motion and reduce speed. The point of
application of the force of friction moves and therefore the force does work until the

particle comes to rest. Therefore the moving body had some capacity to do work.

14
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This can be made more precise by assuming that the friction force F is constant so

. L. F . : a
that the retardation of the particle is ——. Denoting the distance that the particle has
m

moved by s and applying v> =u* + 2as with v=0,u=v and a =~ £l gives
n

0=y’ —25—5,
i

| . . .
and therefore Fs = 5 mve. Therefore the work done in reducing the speed to zero is

equal to the particle's original kinetic energy. This should make clearer the idea of
energy as a capability to do work.

The above result relating the work done to a change in kinetic energy is a simple
example of a general result proved in 2.7 which 1s known as the work-energy
principle and which states that

Change in K.E = Total work done by the forces acting.

This general principle can be used to solve many mechanical problems very simply.
A particular advantage of using it is that there are some forces which do no work and
they do not have to be considered at all. The simplest example of such forces is the
reaction of a smooth surface, if a particle moves along such a surface then the reaction
has no component in the direction of motion and therefore does no work. Another

example is the tension in a taut light string.

T T
A ~B

The tension act away from the ends as shown in the diagram, and if 4 moves a
distance d then so does B and therefore the total work done is zero. This is still true if
the string passes over a smooth pulley.

Another advantage of using the work-energy principle is that, even if the precise
nature of the forces acting is not known, it can be used to find the total work done,
provided the change in kinetic energy is known.

Many problems involving motion under constant forces can often be solved just as
easily by using the constant acceleration formulae and 1t often is just a matter of
preference which method you use. In examinations you may however be told
something like "using energy considerations find ... ", and then you would have to use
the work-energy principle.

The principle of conservation of mechanical energy described in 2.5 is a very slight
variant of the work-energy principle and in many circumstances is effectively

1dentical to it.

15
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Example 2.5
A particle is dropped from rest at a height of 3 m above a horizontal floor, find the

speed with which it hits the floor.

The mass of the particle is not given and it will therefore be denoted by m kg,
If the speed with which the particle hits the floor is v ms™' then the change in its

kinetic energy 1s 5 mv® J. The force of gravity is acting in the direction of motion so

the work done by itis 3 x 9.8 m J = 29.4 m J. Equating these gives v’ = 58.8 and
v =767,

This problem can also be solved by using the constant acceleration formulae.

The downwards acceleration i1s 9.8 ms™! and substituting ¢ = 9.8, s = 3,

u = 0 inv2= u?+ 2as gives the same answer.

Example 2.6
A particle of mass 0.3 kg, dropped from a height of 4 m reaches a speed of 8 ms ™ just

as it hits the floor. Find the work done by air resistance.
The change in kinetic energy is % x03x64]=961

The work done by gravityis 03 x4x9.8J=11.761J.
The work-energy principle then gives
9.6 =11.76 + work done by air resistance,
the work done by the air resistance is therefore —2.16 J, the minus sign showing that

the resistance is acting in the oppeosite direction to the motion.

Example 2.7
A particle of mass 0.3 kg moves on a smooth horizontal plane under the action of a

horizontal force of magnitude 12 N. Find the speed of the particle after it has moved
a distance of 5 m from rest.

The reaction of the plane does no work and neither does the force of gravity since it
also is perpendicular to the motion. (These forces need not have to be considered
separately since, as mentioned in 5.1 of M1 book, forces perpendicular to the line of

motion are in equilibrium. Therefore the nett force is zero and therefore so is the work

done).
The work done during the motion is therefore 12 x 5] = 60 J. This is equal to the
change in kinetic energy, i.e. %0.3 x v?J, where the final speed is vms ™. This
gives

v=+/400 =20..

i6
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. . - 12 .y ) - .
The acceleration along the plane of the particle is 03 ms’ = 40 ms ~and again

using v’ = u’ +2as with this value of a gives the same result.

Example 2.8
A heavy parcel of mass 10 kg is pushed along a rough horizontal floor by a force and

its speed increases from 1 ms ™' to 2 ms™ whilst it travels a distance of 5 m. Given
that the coefficient of friction is 0.5, find the work done by the pushing force.

Find also this force for the two cases

(1) when it is assumed to be constant,

{(i1) when it is assumed to be of the form 4x where x is the distance moved from the

point where the speed is 1 ms .

(i) The change in kinetic energy is 5 x (2° ~1?)J =15 J. The reaction is 98 N and
therefore the force of friction is 49 N. The force of friction acts in the opposite
direction to the motion and therefore the work done by itis—49x 5] = —24517.
The work done by gravity and by the normal reaction are, as in Example 2.7, zero.
Therefore the work-energy principle gives

15 J = Work done by pushing force —245 J,
the work done by the pushing force is therefore 260 J.
If the pushing force is assumed to be F' N, then the work done would be 5FJ so
F= 52

(i1) If the force is assumed to be of the form kx N, where x m 1s the displacement

5
from the point where the speed is 1 ms ™, then the work done is J‘ kxdx J =125 ki
0

This gives k=20.8.

Example 2.9
A particle of mass 0.3 kg moves along the x-axis under the action of an attractive

. . : 6 .
force directed towards the origin and of magnitude — N when the parficle 1s at a
X

distance of x m from the origin. It is projected in the positive x direction with a speed
of 10 ms™" from the point where x = 1. Find its speed for x = 2.
1

Denoting the speed when x = 1 by vms ™, the change 1n kinetic energy is

(0.15v* —0.15 x 100) J. The force is acting in the opposite direction to the motion so

¢ 6"
the work doneis - J-~dx I={— I =-31
X X X /=
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The work energy principle gives
0.15v% =15 =-3,
giving v = \/% = 8.94.

Example 2.10
When the displacement from the origin of a particle of mass 0.4 kg is x m, the
component of force acting on it in the positive x direction is (8 + 6¢™*) N. Given that

1

the particle has speed 2 ms ™~ at the origin, find its speed when x = 1.

If the speed when the particle is at a distance of 1 m is denoted by v ms ™, the change
of kinetic energy is ( 0.2 v> —0.2x2> )I=(02v> —0.8) 1.

The motion is in the direction of the force and the work done moving from x =0 to

1
x=11s J(8 +6¢e™" )dx N. The work- energy principle gives
0

1
0212-08 = j(8+6e--“)dx :
0

I
j(8 +6e " )dx + 0.8 =14.8 — 6e! = 12.59,

0

ie. 0.2v2

giving v =793 msL.

For problems where the forces acting are dependent only on position it is possible,
from the work - energy principle, to derive the principle of conservation of
mechanical energy. This is slightly simpler to apply in cases where all the forces are

of a standard type.

Exercises 2.4
1 Find the kinetic energy of

(i) aparticle of mass 0.2 kg moving with a speed of 8§ ms ',

(ii) a car of mass 800 kg moving at a speed 0of 22 ms ™',

(iii) a woman of mass 55 kg running at a speed of 4 ms ™.
2 A car of mass 600 kg decreases its speed from 25 ms™ to 20 ms™'. Find the
change 1n its kinetic energy.
3 A particle of mass 0.4 kg moving with speed 20 ms™ has its kinetic energy
suddenly reduced by 10 J. Find the new speed of the particle.

" enters a block of wood and

4 A bullet of mass 0.02 kg moving with speed 100 ms
comes to rest after moving a distance of 0.05 m. Find the resistance of the wood
(1) assuming that it is constant,
(i1) assuming that it is directly proportional to the distance the bullet has entered

the wood.
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When the brakes are applied, a car of mass 1000 kg comes to rest, from a speed of
12ms ™', in adistance of 40 m. Assuming that the other resistances acting on the
car are of magnitade 90 N, find the work done by the braking force.

A car of mass 1000 kg is pushed by two men, one at each back corner. Each one
exerts a force of 100 N at an angle of 15 to the direction of motion of the car and
there is a constant resistance of magnitude 80 N acting. Find

(1) the work done by the men in moving the car a distance of 10 m,
(i1) the speed attained from rest in 10 m.

A boy of mass 30 kg slides a vertical height of 5 m from rest down a water chute.
Find the speed he attains.

A man pushes a wheel barrow, of mass 35 kg, with a force of magnitude 20 N at
an angle 30° to the horizontal. There is a resistance to motion of magnitude 10 N,
Find, given that the wheel barrow is moved a distance of 10 m from rest,

(1) the work done by the man,
(i1) the speed attained.
A ball of mass 0.4 kg thrown vertically upwards with a speed of 10 ms ™ comes to
instantaneous rest at a height of 4.5 m above the point of projection. Find the
magnitude of the work done by the air resistance. Assuming that the magnitude of
the work done by the air resistance is the same on the downwards path, find the
speed with which the ball returns to the point of projection.
The speed of a particle of mass 0.15 kg sliding on a rough floor decreases from
7ms”' to 4 ms~' while it moves a distance of 6 m. Find

(1) the work done by friction,
(11) the coefficient of friction.

A particle of mass 0.4 kg is projected with speed 15 ms ' up a rough plane
inclined at an angle of 40° to the horizontal, the coefficient of friction being 0.3.
Use the work-energy principle to find the distance that the particle moves up the

plane before coming to rest.

12 A particle of mass 0.5 kg, free to move along the x-axis, is attracted towards the

13

. 10 Lo . .
origin by a force -5 N, when the particle is at a distance of x m from the ongin.
X

Given that it is projected from the point x = 1 with speed 10 ms "' in the positive x
direction, find its speed when x = 2.
A particle of mass 0.5 kg moves along the x-axis under the action of an attractive

. . ‘ 10 L
force directed towards the origin and of magnitude — N when the particle is at a
X

distance of x m from the origin. It is projected in the positive x direction with a
speed of # ms™' from the point where x = 1. Find the condition that « has to
satisfy in order that the particle does not retum to its initial position.
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2.5 Potential energy and energy conservation

For forces, like those considered in 2.2, which depend only on position it is possible
to define a second form of energy, the potential energy, which can be used to solve
relatively complicated problems where more than one type of such force is involved.
This approach 1s particularly useful where two or more standard type forces, such as
gravity and the force in an elastic string, are involved.

Potential Energy (P.E.) can only be defined for forces which depend on position and
is the work done against the force to move its point of application (usually a particle)
from a standard position to its present position. Alternatively it can be regarded as the
work done by the force in moving its point of application from its present position to
a standard one. Potential energy is energy possessed by a particle by virtue of its
position,

If the force in the positive x direction is F{x), the work done against it in moving from

the standard position x = ¢ to the position x = x ig

- ]-F(s)ds ,

where the standard position (i.e. the position of zero potential energy} is x = a.

Potential energy due to gravity

For the force of gravity, the standard position is often taken to be ground level, but
any appropriate level is satisfactory. If x is measured upwards then the force in the x
direction acting on a particle of mass m is —mg, so the potential energy due to gravity
(the gravitational potential energy) at height 4 above the zero level is mgh. Similarly,
the potential energy at height A below the zero level is —mgH.

If a particle is released from rest at a height 7 above ground, it immediately starts
moving i.e. work is being done. This again is consistent with energy being a capacity
to do work. By the time the particle reaches the ground, its potential energy is zero but
it will have gained kinetic energy.

In working out the gravitational potential energy of a particle you should remember
that it is positive if the particle is above the zero level and negative if it is below this

level.

Potential energy of an elastic string
For an elastic string, the zero of potential energy is the point where the string is just

unstretched i.e. the extension s is zero. The work done against the tension in

X o
: : : . As Ax” .
extending the string, moving from s =0to s =x, is Tds = YR where A is the
0

elastic modulus and / is the natural length. The potential energy of a stretched string,
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extended a distance x, is therefore -?-;i ds = %2-
This 1s sometimes called the elastic potential energy or the energy stored in the string.
The same result holds for a spring compressed by a distance x.
The potential energy is effectively a method of calculating the work done by
particular kinds of forces and the 1dea of potential energy can be used to state the
work-energy principle in a slightly different way. The details are given in 2.7 where
it is shown that
Total mechanical energy is constant provided all forces are
dependent only on position,

where the total mechanical energy is the sum of the kinetic energy and the potential
energy of all the forces acting.
This is the principle of conservation of mechanical energy, and forces which depend
only on position are, for obvious reasons, called conservative forces.
Forces which do no work, like those normal to the direction of motion and the tension
in a taut string, can be ignored in working out potential energy.
If there are non-conservative forces present, the principle of conservation of
mechanical energy has to be replaced by

Change in total mechanical energy = Work done by non-conservative forces.

If a force is conservative, i.e. depends only on position, the work done in moving

b
from x = a tox = b is IF(x)dx and the work done in going back from x = b to

@ b
X =ais J F{x)dx =-— JF(x)dx . The total work done from x = a to x = b and back
b a

from x = b to x = a is therefore zero. Therefore another way of testing whether a force
is conservative is to say that the total work from a point to another one and back is
zero. This test can be used to show that frictional forces, which at first sight appear
to be constant, are not conservative. If a particle slides on a rough horizontal plane,
then there is a frictional force of magnitude umg acting on the particle, where p is the
coefficient of friction. Moving directly fromx =0to x =4, the work done by the
force of friction is —pmga, since the motion is in the opposite direction to the force.
On moving back from x = ¢ to x = 0, a further amount of work — pmga is done by the
friction force since 1t is again acting in the opposite direction to the motion. Therefore
a non-zero amount of work is done moving from a point and then back. Therefore
frictional forces are not conservative.

The principle of conservation of mechanical energy can be used whenever the forces
are conservative but it is most useful in problems involving springs or strings and the

force of gravity, since the potential energies for these are known. Questions involving
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the use of conservation of energy will give information at various points of the motion
and it is a good idea to set out a solution in a way which shows clearly the energies at
these points and then apply the conservation of mechanical energy for all possible

points.

Example 2.11
A particle of mass m is thrown vertically upwards with an initial speed u. Find (i) the

greatest height reached, (i) the speed when the particle is at a height 2 which is less
than the greatest height.

T ------ « B

v
g __1
B
__v_30o

The points involved in the problem are the initial point O, the point A at height 4 and
the point B of greatest height which will be taken to be at a height A. At this point the
speed will be zero. The speed at A will be denoted by v.

At O, PE. =0, K.E = ) mu’,

1,
At A4, P.E.= mgh, K.E. = Fmve,
At B, PE. = mgH, K.E. = 0.

Putting the total mechanical energy at O equal to that at B gives
!
5 mu’ = mgH,
42
so that // = eyl Equating the total mechanical energy at A4 to that at O gives
g

1 1
‘imvz + mgh = zmuz.

Solving for v gives u? -2 gh.

<
|

This particular problem could have been solved just as simply by using the equations

of motion under uniform acceleration.
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Example 2.12

Diagram (a) shows two particles 4 and B of masses 5m and m attached one to each
end of a light inextensible string passing over a smooth light pulley. Initially the
particles are held at rest with the string taut and then released. Find, by using
conservation of energy, the speed of 4 when it has dropped a distance d.

The total work done by the tension is zero and therefore, if both particles are
considered, the total mechanical energy is conserved. Both particles also move with
the same speed and if one drops a distance d the other rises by the same distance. The
initial position and that when particle 4 has dropped a distance J are shown in

diagrams (a) and (b).
Diagram (a) Particle 4 : K.E. =0,P.E. =0,
Particle B : K.E.=0,P.E. =0.
]
Diagram (b), Particle 4 : K.E. =5 S5mv?, P.E. = —5mgd,

1 5
Particle B : K'E':E mv-, P.E.=mgd.

Equating the total energy at both positions gives
3mv® —4mgd= 0.

Therefore y o= \/fig{

This example could have been solved as in 5.3 in the M1 book by finding the
acceleration and using the constant acceleration formulae but, in this instance, the use

of conservation of energy avoids the calculation of acceleration.

Example 2.13
A particle is released from rest at a point 4 on a smooth plane inclined at an angle of

30° to the horizontal. Find its speed when it has moved to a point B a distance of § m
p p

down the plane.
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Apart from gravity, the only force acting on the particle is the reaction of the plane.
This is perpendicular to the motion and does no work; therefore total mechanical

energy is conserved.

The mass is not given so it will be denoted by m kg and the speed at B will be denoted
by vms~!. At 4 the particle will be at a height of 8 x sin 30° m = 4 m above B.

AtA: KE =0, PE =m9.8x4]=392ml].
AtB: K.E. =% mv® ), P.E.=0.

Equating the total energies gives
[
39.2m =5 mv’,

so that v2 =78.4 and v = 8.85.
This problem could have been solved by finding the component along the plane of the

. 1 . . 1
force of gravity; this is 5 mg. The acceleration down the plane is therefore 78 and the

constant acceleration formulae can be used.

Example 2.14
A particle of mass 0.4 kg is attached to one end of an elastic string of modulus 2 N

and natural length 0.25 m. The other end of the spring is attached to a fixed point O
on a smooth horizontal table. The string is extended a distance of 0.05 m and the
particle then released from rest. Find

(1) the speed of the particle when the string returns to its unstretched position,

(i1) the speed when the extension is 0.02 m.

« 03m —> «—025m—»_ «—027Tm—>_
i e @ vms @ ums
0 e o A [ B

The diagrams show the initial position, when there is zero extension and when the
extension is 0.02 m.

There are three points that have to be considered, the initial point @, the point 4 of
zero extension and the point B with extension 0.02 m. The velocities at 4 and B are

"and ¥ ms ', respectively. The nett force perpendicular to the table

denoted by vims
is zero and therefore does no work.

The formula for the potential energy of an elastic string shows that when the string is

At 2x?
extended by x m its potential energy is ; = 52025 J = 4x2].
At Q, P.E. = 4x(0.05)° =0.01J, KE.= 0.
At 4, PE. = 0, K.E.= -;_— x 0.4v7 = 0.2v° I,
At B, PE. = 4x(0.02)" I, KE= 02u" .
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Equating the energy at @ to that at 4 gives
0.2v* = 0.01,
SO v = (.22.

Equating the energy at Q to that at B gives
0.2u” +4x(.02)* = 0.01,
so that u = 0.2.

Example 2.15
A particle of mass 0.6 kg is attached to one end of an elastic string of modulus 352.8

N and of natural length 0.5 m. The other end of the string is attached to a fixed point
O. Initially the particle is held at O and released from rest.

Find the maximum extension of the string. This is a model of bungee jumping.

0

The two positions of the particle are shown in the diagram. It will drop until it comes
to instantaneous rest at the point 4 at a distance x m below O, so the kinetic energy is
zero at the start and the end of the motion.

There are two terms which contribute fo the potential energy, the gravitational
potential energy and the elastic potential energy. The formula for the potential energy

of the elastic string shows that the elastic potential energy when the particle is at a

352.8(x —0.5)*

depth of x m below O is I provided x > 0.5, otherwise it is zero.

2x0.5
At O, Gravitational P.E. = (),
Elastic P.E. =0,
K.E =0.
At 4, Gravitational P.E.= - 0.6 x98 x = — 5.88x ],
Elastic PE, = 252:8(:=0.9° J,
2x0.5
K.E =0.

Equating the total energy at O and 4 gives
352.8(x~0.5)?
2x0.5

- 5.88x =0.
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Expanding (x — 0.5)° and collecting the tems in the equation gives

352.8x* —358.68x + 88.2=0.
This is a quadratic equation for x. Using the formula for solving the quadratic gives
the roots as 0.6 and 0.417. The equation obtained is only valid when the elastic string

1s taut, i.e. x > 0.5, so the correct solution is x = 0.6.

Example 2.16
Find the speed of the particle in the above example when the particle is

(i) at a depth 0.3 m below O,
(i1) at a depth 0.55 m below O.

o o
0.3m 0.55 m
‘;) l J
(a) v ms'l Qc l B (b)
# ms

Diagram (a) shows the point P corresponding to the first case and diagram (b) shows
the point ¢ corresponding to the second case. The velocities at P and () are denoted
by vms ' and u ms ' respectively.

Case (1)

The string will be slack at P and therefore will have no elastic potential energy. The

point (0 1s taken to be the zero level of potential energy.

At O, Gravitational P.E. = 0,
Elastic P.E. =0,
K.E. =
At P, Gravitational PE. = ~ 06 x98x03J=~1.764],

Elastic P.E. = 0,
K.E. =%x 0.6v: J1=03v 1.

Equating the total energies at O and P gives
03v* —1.764=0,

so that v =242,
Case (ii)
At 0, Gravitational P.E. =— 0.6 x 9.8 x0.55] = - 3.234 ],
. 2
Elastic .E, = 222:8(0:55=0.9)7 ¢ gg5 )
2x0.5
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KE. =03u’ -
Equating the total energies at O and Q gives

0.3u® —3.234+0.882= 0.
The solution of this is u =2.38.

Example 2.17
A particle of mass 0.4 kg is attached to one end of an elastic string of natural length 1

m and modulus 19.6 N, the other end of the string being attached to a fixed point O.
Inttially the particle is in equilibrium with the string vertical. It is then pulled to a
point 4 at a distance of 0.2 m below the equilibrium position and released from rest.
Find

(1) the length of the string in the equilibrium position,

(i) the speed of the particle when it is at a depth of 0.1 m below the equilibrium
position,

(ii1) the position of the particle when it next comes to rest.

The first step is to find the equilibrium point £. 1f the extension of the string is y m

then
19.6y

1
so that y = 0.2 and so the length of the string in the equilibrium position is 1.2 m.

=0.4 x 9.8,

1.2m
IR
Ixm
A B

The diagram shows the initial point A of the particle and that when the particle is at a

point B at a depth of x m below E. The extension in this position is (0.2 + x) m and
19.6(0.2 + x)?
2

therefore the elastic potential energy is . The initial elastic potential

energy is found by substituting x = 0.2 in this. The zero of potential energy is taken at

the equilibrium position.

At A4, Gravitational PE. = - 04 x98x02]J= -0.784]
2
Elastic P.E. = Lgmqgg—i)—aj =1.568 ]
K.E.=0.
At B, Gravitational PE. = ~ 0.4 x9.8x] = —392x]
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19.6(0.2 +x)?

Elastic P.E. 5 J
KE =02v1
Equating the total energies at 4 and B gives
19‘6(0‘22 0% S gre 0o - 15680784
The equation simplifies to  9.8x* +0.2v* = 0.392.

Substituting x = 0.1 gives v=1.21.

Substituting v = 0 gives x = % 0.2 so the particle next comes to rest at a
height of 0.2 m above the equilibrium position where the string just becomes slack.
Since this point is not an equilibrium point, the total force there is not zero and
therefore it will move away from it. You can check that the force at this point is
directed downwards so the particle will move down. It will stop instantaneously at the
point 4 and the cycle then repeats itself.

Example 2.18
Answer (i1) and (iii) of Example 2.17 when the particle is pulled a distance of 0.3 m

below the equilibrium point,

The only difference between this question and the previous one is that the initial
position corresponds to x = 0.3. This means that the equation of energy is now
19.6(0.2 +x)? 19.6(0.5 )?
2 2
Expanding (0.2 + x)* and collecting terms gives
9.8x* +0.2v’= 0.882.

Substituting x = 0.1 gives v = 1.98

—04x98x+02v? = —-0.4x 9.8 x0.3.

Substituting v = 0 gives x = * 0.3 so the particle next comes to rest at a height of
0.3 m above the equilibrium point. The string will however have become slack when
the particle is at a distance of 0.2 m above the equilibrium position and therefore the
above equation will only be valid for x < 0.2. At this position 0.2v> = 0.49.

From this position on, the only potential energy is that due to gravity and taking the
zero of potential energy at this point gives, on applying conservation of energy

0.49 = 0.4 x 9.8 h, where & denotes the height when the speed is zero and this is
0.125. So the height above the equilibrium position is 0.325 m.

Exercises 2.5

1 Find the change in potential energy in the following cases
(i) aparticle of mass 0.3 kg moved upwards through a vertical distance of 1.5 m,
(i1) a man of mass 60 kg walking a distance of 50 m along and down a hill

inclined at an angle of 45° to the horizontal,
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(111) a stone of mass 2 kg dropped a distance of 5 m from a bridge.

Find the increase in the gravitational potential energy of a man of mass 70 kg who
climbs to the tenth floor of a block of flats. (Ground floor is floor 0). The distance
between the floors is 3 m.

A stone is dropped from rest from a bridge to the water 10 m below, find the speed
with which it hits the water.

A particle is projected with speed 5 ms™

up a line of greatest slope of a smooth
plane inclined at an angle of 40° to the horizontal. Use the principle of
conservation of energy to find the distance the particle moves along the plane
before coming to instantaneous rest.

Answer the previous question when the plane is rough with coefficient of friction
0.2.

A particle of mass m rests on a smooth horizontal table and is connected by a light
inextensible string, passing over a smooth pulley, to a particle of mass 3m. The
particles are held at rest with the string taut and then released. Find, by using
conservation of energy, the speed of the particles when the heavier one has
dropped a distance 4.

Two particles of masses 0.8 kg and 0.6 kg are connected by a light inextensible
string passing over a small smooth pulley. They are released from rest with the
string taut. Find their speeds when the heavier particle has dropped a distance of

02 m.

The diagram shows a spring, with one end fixed, in a horizontal tube. The spring
is of natural length 0.2 m and elastic modulus 160 N. A particle of mass 0.02 kg
is placed on the free end and the spring compressed a distance of 0.05 m and then
released. Find the speed of the particle when the spring is at its unstretched

position.

9 Two particles each of mass m are connected by a light elastic string of natural

length ¢ and modulus 4 mg. The string lies on a smooth horizontal table and is
stretched by equal forces until it is of length 1.6a. Both particles are then released
simultaneously. Assuming that both particles move with the same speed, find the

value of the speed when they are a distance « apart.

In questions 10 to 12, one end of a light elastic string, of modulus kmg N and natural

length / m, 1s fixed at a point O and a particle of mass m kg 1s attached to the other

end. The particle is then released from (. Find the extension of the string when the

particle first comes to instantaneous rest.
10 k=1, /=1
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11 k=4, 1=3.
12 k=5, 1=2.

In questions 13 to 14, one end of a light elastic string, of modulus kmg N and natural
length / m, is fixed at a point O and a particle of mass m kg is attached to the other
end. The particle is initially at rest in equilibrium and is then pulled down a distance
d m and released from rest. Find the distance below O of the point where the particle
first comes to instantaneous rest.

13 [=3,k=6,d=05.

14 /1=2k=8,d=04.

2.6 Power

A machine, in practice, is required not only to do a certain amount of work but to do
that work in a limited interval of time. A powerful car shows its power by
accelerating rapidly i.e. it produces kinetic energy more rapidly than a car of lesser

power.

Power is the rate at which work is done. If 1 joule is produced in 1 second, the rate of
working is 1 watt. The watt (W) and the kilowatt (kW = 10" W) are the standard
units of power.

If the point of application of a force F moves a small distance 8x in a small time
interval 8¢ then the change in work, denoted by 8/, is F' 8x. The rate of doing work
is found by dividing ¥ by & and letting 8¢ become very small. Therefore the rate of

working, 1.e. the power, 1s the value of F% as both ox and &¢ become very small.

This, from the 1dea of a derivative as a rate of change, 1s £ f and, from the definition
{

of velocity, 1s Fv.

When working out problems for moving vehicles, the rate of working of the engine of
a vehicle can be calculated from analysing its motion.

It 1s then assumed that all this power is transmitted without loss to the driving wheels.
If the work done between some standard time and time ¢ is denoted by (¢}, since it

could vary with time, then the definition of power P gives
dw
P=—
dt
Since ¥ depends on ¢, then so will P and therefore the work done between ¢ = ( and

t=17 1s found by integrating this i.e.
T

G
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For a constant power, but only then,
Work done over a time interval T 1s PT,

The relation between power and work can be used to work out the power necessary

for a pump to bring water up through a height /# and then pump it out at speed v, as in

| "W |
1 al

The work done by the pump is converted into the kinetic and potential energy of the

the diagram.

. 1
water and the amount of work done per second is therefore 3 mv® + mgh, where m

denotes the mass per second lifted. Since the power P is assumed to be constant, this
work is equal to P and therefore

1,
P = 5 mv’ + mgh.

Example 2.19
The force acting on a particle of mass 0.2 kg and moving along a straight line is such

that, at time ¢ s, the velocity of the particle is z* ms™ . Find the rate at which the force

acting on the particle 1s working.

The first step is to find the force, this is 0.2 x acceleration. The acceleration can be

found by differentiating the velocity and is 4t° ms ™. Therefore the rate of working is
0.8 ¢ x velocity = 0.8 17 W.

Example 2.20
The rate of working at time ¢ s, of the force acting on a particle 0.4 kg moving on a

straight line is 6:° W. Given that the particle has speed 2 ms ™ at time ¢ = 0, find its
speed at time ¢ = 1.

The change in kinetic energy is the work done, and the work done between ¢ = 0 and

1
t=1is j@zSdz T =11
0

If the speed when = 1 is vms ™', then the change of kinetic energy is 0.2v” — 0.8 J.
Therefore v> =9 and v = 3.
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Example 2.21
A pump is required to raise 100 kg of water a second, through a height of 15 m and

discharge it through a nozzle with speed 10 ms™'. Find the minimum rating of pump
required if the pump is

(1) 100% efficient,

(i1) 50 % efficient.

The change in P.E. per second is 100 x 9.8 x 15 = 14700 J.

The change in K.E. per second is 50 x 107 J =5000]J.

The total change in energy per second, i.e. the work done per second is 19 700 J.
Therefore the minimum rate of working, if the pump is 100% efficient, is 19.7 kW,
For 50% efficiency, the rate would have to be 39.4 kW.

2.7 Derivation of basic results
In this section, a derivation of the work-energy principle will be given for the case of
a particle of mass m, moving along the x-axis, under the action of a force whose
component in the positive x direction 1s denoted by F. The velocity in the positive x
direction at time ¢ will be denoted by v.

Newton's second law of motion gives
dv
gy

Multiplying this equation by v gives

dv
mva'; = Fy.

=F.

The left hand side can be written, on using the product rule for differentiation, as
%{%mvﬂ which is the rate of change of kinetic energy. The right hand side 1s the
power, i.e. the rate of doing work. The equation is therefore
Rate of change of kinetic energy = Rate of doing work.

Therefore integrating this gives

Change of kinetic energy over any interval = Work done over the interval.
This is the work-energy principle in its simplest form. The proof is effectively for a
particle moving on a line and the work done is that done by forces along the line. it
also holds when the work done by forces not along the line is included, this is because
the work done by the components of these force perpendicular to the line will be zero,
since the motion of these components will be perpendicular to the line.
If the only forces acting are dependent on position, then introducing the potential
energy produces the principle of conservation of mechanical energy. This can be

shown as follows.
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B

The work done by a force /' in moving fromx =x, tox=x, is JF (x) dx. This can

*
i

be rewritten from the properties of integrals as

‘\]F(x)dx _ "]F(x) ax

The potential energy at x = x,, for example, is, — JF (x) dx, therefore the above

a

expression for the work done is equal to
-PE atx=x, +PE atx= x,.
The work energy principle can therefore be rewritten as

(KE. at x=x,-KE. at x=x)=-(PE at x=x,+PE. at x=x).

This can again be rearranged as

(KEatx=x,+PE at x=x,)=(KE. at x=x,+PE at x =x).

The sum of the Kinetic and potential energy is the total mechanical energy and
therefore

Total Mechanical energy is constant provided all forces are

dependent only on position.

Potential energy can only be defined for conservative forces. If there are non-
conservative forces present, then the work done by all the forces is —
change in P.E. of the conservative forces + work done by the non-conservative forces.
The principle of conservation of mechanical energy has then to be replaced by

Change in total mechanical energy = Work done by non-conservative forces.

Exercises 2.6
1 A particle is of mass 0.5 kg and the component of its velocity in the positive

'. Find the rate at which the force acting on it

xdirection at time ¢ s is 4 exp 3t ms”~
1s working.
2 Find the total work done in 10s by a force when the rate of working is
(1) 3 kW

o A
(1) 3 Ll—exp(—f I@I kW.

3 A particle of mass 0.8 kg has speed 4ms ™" at time ¢ = Os and the force acting on it

is working at a rate of 10¢” W at time £s. Find its speed when 1 = 2.
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4 A water purap is to raise 50 kg of water a second through a height of 20m. The

'. Find the kinetic energy and the

water emerges as a jet with speed 50ms™
potential energy given to the water each second and hence find the power that the
pump would have to develop if
(1) it were 100% efficient,
(1) it were 75% efficient.
5 A pump delivers 220 kg of water per minute, the water being delivered in a
horizontal jet at a speed of 30 ms . Find the kinetic energy of the water delivered

each second. The efficiency of the engine driving the pump is 35%. Find the rate

at which this engine is working.

2.8  Problems involving vehicle motion
The problems already encountered involving vehicle motion have been such that the
driving force has been given explicitly. This is not what happens in practice since
what is normally known for a vehicle engine is its rate of working or power.
For cars, the old fashion unit of power, which is often referred to, is horse power
(H.P.) and 1 H.P. = 745.7 watt. If an engine is working at P watts and the point of
contact of the wheels with the ground is moving at speed v ms ™', then the driving
force F' N at the wheels satisfics the equation

P=Fv
This can be used to work out the driving force for vehicles working at a rate of P W
moving with speed v ms . (When a car is not skidding, the speed of the point of
contact of the wheels is equal to that of the car, and this will normally be assumed).
Problems where the power developed by a vehicle is given are very similar to
previous problems involving vehicle motion except that the force has to be worked
out from the power and speed. Some problems require finding the steady speed at
which a vehicle can travel when the engine is working at a given power. Since the
vehicle is moving at a steady speed, the acceleration is given, it is in fact zero.
Sometimes the maximum speed may be given. A maximum is a stationary point, so

dv . . )
—- = 0,1.e. the acceleration will be zero.

dr
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Example 2.22
A particular motor cycle develops a maximum power of 24 kW and, when working at

this rate, its speed is 40 ms ™' . Find the driving force.
The driving force F' N is such that

24000 = 40 F,
giving F as 600.

Example 2.23
A car travels at constant speed, with its engine working at a rate of 40 kW, against a

resistance of 1600 N, Find the speed.

1600 N «—
1]

o - o F

The forces acting are shown in the diagram. If v ms™ denotes the speed of the car

4
then F = 40000

S N. Since the acceleration is zero, the force is equal to the

resistance l.e.
40000

L= 1600,

so that v = 25.

Example 2.24
The engine of a lorry of total mass 2 tonnes is working at 50 kW. The lorry is

', along a level road. Find the total resistance

travelling at a constant speed of 20 ms™
to the motion.
[f the power is increased to 60 kW, find the acceleration of the lorry at the instant it is

' assuming that the resistances to motion remain constant.

moving with speed 20 ms”™
When the power is 50 kW, the driving force F'N is given by

F %20 =50 000,
so that F =2500 N.
Since the lorry is moving at constant speed, the acceleration must be zero, 1.e. the total
force 1s zero so the resistance 1s 2500 N.

1

When the power is 60 kW, the driving force /' N at the instant the speed is 20 ms ™ is

00000\~ 3000 N.
20

The total force on the lorry is (3000 — 2500) N = 500 N, the equation of motion is
2000a = 500,

where ¢ ms ™ is the acceleration, therefore a = 0.25.
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Example 2.25
A car of mass 1000 kg has a maximum speed of 35 ms ™' on a level road against a

resistance of 400 N. Find, assuming the engine works at the same rate and that the

resistance is unchanged, its maximum speed up a hill inclined at an angle o to the

) i 1
horizontal where sin a = 7

In this case the power is not given and will be assumed to be P W, the driving force is

33 N and, since at maximum speed the acceleration, and hence the total force, is zero

£ 400
35 '

Therefore P =14 000.

The forces acting on the car when moving at speed v ms ™' up the hill are shown in the

diagram.

14000 N
v

Y1000x 9.8 N

The total component of the force in N acting in the sense up the hill 1s

1
14000 ~400 ~1000 x 9.8 x sino. = —4—?‘)'(‘)‘(2 - 1800.

When the speed is a maximum the total force is zero i.e.

14000
V' 1800

Exercises 2.7

1

Find the power developed when a force of 1500 N pulls a cart at a constant speed
of 6 ms.
Find the power that is developed by the engine of a car moving at a speed of

i

12 ms ™, given that the driving force is 750 N.

A car, whose engine is working at a rate of 5 kW, is moving with speed 10 ms ™',
find the driving force.

A car travels along a horizontal road against a resistance of 600 N, Given that the
engine is working at a constant rate of 4.8 kW, find the maximum speed of the
car.

A car of mass 1000 kg moves on a horizontal road against a resistance of 600 N
with the engine working at a rate of 8 kW. Find the acceleration of the car at the

instant it is moving with a speed of 10 ms .
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A car of mass 1200 kg travelling along a horizontal road, with its engine working
at a constant rate, against a resistance of 500 N, has a maximum speed of 25 ms ™.
Find the rate at which the engine is working.

Find also the maximum speed with which the car can climb a hill inclined at an

. . 1 . .
angle o to the horizontal, where sin o = 14> assuming that the resistances and the

rate of working of the engine are unchanged.

A train of mass 300 tonnes travels along a straight level track. The resistance to
motion is 18 kN. Find the tractive force required to produce an acceleration of

0.1 ms ™, and the power in kW which is then developed by the engine when the

speed of the train is 10 ms ™" .

Find also the maximum speed attainable when the engine is working at a rate of

360 kW.

A car of mass 1500 kg travels up a slope of inclination o to the horizontal, where

sina = 75, against constant frictional resistances of 3600 N. Find the maximum

speed of the car given that the engine works at a rate of 80 kW. After reaching the
top of the slope the power is switched off and the car descends a slope of
inclination f to the horizontal against the same constant frictional resistances at

constant speed. Calculate sin .

9 A car of mass 1000 kg has a maximum speed of 15 ms™', against a constant

10

11

frictional force equal to one eighth of the weight of the car, up a slope inclined at

. . | - ‘
an angle a to the horizontal where sin o = 7 Find the maximum speed of the car

on a horizontal road assuming that the engine works at the same rate.

If the car descends the same slope with its engine working at half this rate, find

the acceleration of the car at the moment when its speed is 25 ms ™.

The resistive forces opposing the motion of a train of total mass 50 tonmes are

5000 N.

(a) Find the power necessary to keep the train moving along a straight level track
at a constant speed of 10 ms ™" .

(b) If this power is suddenly increased by 10 kW when the train is moving along

the level track at 10 ms ™', find the initial acceleration of the train.

{¢) When the train climbs a hill, of inchination « to the horizontal, at a constant
speed of 8 ms ', the engine of the train is working at a rate of 180 kW. Find
the value of sin .

A car of mass 1600 kg climbs a slope of inclination o to the horizontal, where

§

sing = e at a steady speed of 12 ms ™. Given that the frictional resistance is

400 N, calculate the power, in kW, developed by the car.
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When the car reaches the top of the slope, the power is switched off and the car

C , . 1 :
descends a slope of inclination J§ to the horizontal, where sin § = pre Assuming

that the frictional resistance remains at 400N, calculate the acceleration with
which the car descends this slope.

A car of mass 1600 kg is moving along a horizontal road. The resistance to the
motion of the car is 800 N. Calculate the acceleration of the car at the instant

when its speed is 7.5 ms ™' and its engine is working at 15 kW.

When the car is moving with speed vms™ the resistance to its motion is

(200 + 2.5v)N. Find the maximum speed of the car when its engine is working at

arate of 5 kW.

Miscellaneous Exercises 2

1

A particle is thrown vertically upwards with a speed of 5 ms™' from a point 2 m

above the ground. Find

{a) the greatest height above the ground reached,

(b) the speed of the particle when it hits the ground.

A girl throws a ball vertically upwards so that its initial speed is 10 ms ™.

(a) Draw a diagram showing the forces acting on the stone and state clearly the

cause of each force.

(b) Find the maximum height that the ball would reach if the only force acting
were that due to gravity and which may be assumed to be constant.

(¢) Tt turns out that the ball, which has a mass of 0.2 kg, only reaches a height of
4.5 m; find the work done by the resistance as the ball travels from the girl's
hand to its maximum height.

" slides down a chute in a

A boy of mass 60 kg starting with a speed of 1 ms~
swimming pool and strikes the water at a speed of 9 ms . Find the work done
against friction if the chute is 5 m high.

If the length of the slide 1s 20 m find the frictional force, assuming it to be
uniform.

A toboggan run is straight, 1213 m long and drops 157 m from start to finish. One
day a toboggan and its rider with a combined mass of 112 kg, starting from rest,
achieved a speed of 117 kmh ™ at the finish.

(a) Calculate the gain in kinetic energy.

(b) Find the loss in potential energy.

(¢) Determine the work done against resistive forces assumed constant.

A vehicle of mass 4000 kg is moving up a hill inclined at an angle « to the

1

. . 1 o . _ . .
horizontal where sin o = >0 Its initial speed is 2 ms™ . Five seconds later it has
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travelled 15 m up the hill and its speed is then 6 ms™'. Find the change in the
kinetic energy and potential energy of the vehicle.

Given that the engine is working at a constant rate of 44 kW, find the total work
done against the resistive forces (which may not be assumed to be constant)
during this five second period.

An elastic spring which obeys Hooke's law has natural length 0.5 m. When the
extension is 0.05 m the tension in the spring is 50 N. Find the work done when
the spring is extended from a length of 0.6 m to a length of 0.7 m.

The gravitational force per unit mass at a distance » { > R) from the centre of the

. gR . . . ,
earth is g—z, where R 1s the radius of the earth and g is the acceleration due to
-

5
2

gravity on the earth's surface. Find the work done in moving a particle of mass m
fromr=2R tor=3R.

. . R
Find the speed when r = 3R of a particle whose speed when » = 2R was \/g

A catapult consists of two lengths of elastic, each of modulus 20 N and natural
length 0.2 m. The catapult is stretched so that the length of each elastic is
increased by 0.08 m.

Ignoring the effect of gravity and using energy considerations, find the speed that
the catapult will give to a stone of mass 0.02 kg.

The end 4 of a light elastic string A8 of natural length 1.2 m is fixed. When a
particle of mass 2.4 kg is attached to the string at B and hangs freely under
gravity, the extension of the string is 0.09 m. Find the modulus of elasticity of the
string.

The particle is now pulled vertically a further 0.12 m and released from rest. By
energy considerations, find the greatest height above the point of release in the
subsequent motion.

A particle P of mass 0.02 kg 1s attached to one end of a light elastic spring of
natural length 0.5 m and modulus 1.6 N, the other end of which is attached to a
fixed point 4 on a smooth horizontal table. The particle is released from rest on
the table when the spring is straight and its extension is 0.25 m. Find the speed of
the particle

(1) when the spring is at its natural length,

(11} when the spring is compressed by 0.10 m.

A particle of mass 2 kg is attached to two elastic strings, each of natural length
(.5 m and modulus 15 N, the other ends of the strings being attached to two fixed
points 4 and B which are at a distance of | m apart in the same horizontal line.
The particle is dropped from rest from the midpoint of 4B.

(a) Show that the tension TN in each string is given by 7= 15(sec 6 —1),
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where 8 denotes the angle between each string and the horizontal.
(b} Find, correct to two decimal places, the acceleration of the particle
when 8 = 60°.
{c) Using energy considerations find, correct to two decimal places, the speed of
the particle when 6 = 60°.
A particle is suspended from a fixed point O by a light elastic string which is of

: e . 5 .
natural length ¢ and hangs in equilibrium at a distance _4_a below O. Given that

the particle 1s released from rest at O, find the distance it falls before it first comes
to rest.

One end O of a light elastic string of natural length 4/ is aftached to a fixed point.
A particle P of mass m is attached to the other end P of the string and the string
hangs i equilibrium with OP = 5/. The particle is pulled down vertically a further

. / , )
distance 5 and released from rest. Show that P rises a distance [ before first

coming to instantaneous rest.

Find also, for the configuration in the previous question, the maximum height to
which P would rise if it had been released from rest at a depth of 2/ below the
equilibrium position.

One end of a light elastic string of modulus 4.9 N and natural length 0.5 m is
attached to a fixed point 4 and a particle of mass 0.1 kg is attached to the other
end. The particle is held at 4 and released from rest. Its speed when it has dropped
a distance of xmis vms™ .

(i) Write down an expression for its speed when x < 0.5.

(i) Show by use of energy that, for x> 0.5, v> =117.6 x —9.8x* - 24.5.

In the dangerous sport of bungee diving an individual attaches one end of an
elastic rope to a fixed point on a river bridge. He/she is then attached to the other
end and jumps over the bridge so as to fall vertically downwards towards the
water. The rope should be such that the diver comes to rest just above the surface
of the water. In order to find which particular ropes are suitable, experiments are
carried out with weights, rather than people, attached to the rope. In one
experiment it was found that when a weight of mass m was attached to a particular
rope of natural length a and dropped from a bridge at a height 32 above the water

level, then the weight just reached the level of the water. Show that the modulus

3
of elasticity of the rope is L;g .

. . . Sm . :
The weight of mass m is removed and a weight of mass 5 Is then attached to this

rope and dropped from the same height. Find the speed of the weight just as it

reaches the water.
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When the weight emerges from the water, its speed has been reduced to zero by
the resistance of the water. Show, by using conservation of energy, and assuming
that the rope does not slacken, that the subsequent speed v of the weight at height
h above the water level is given by

N h
v =51 Qa - 3.
Describe the subsequent motion of the weight.
A particle of mass m is attached to one end of an elastic string of modulus 4 mg

and natural length a, the other end of the string being attached to a fixed point O.

The particle is released from a point at a distance §3ﬁ directly below O.

Find (i) the height to which the particle will rise,

(1) the speed of the particle when it is at a distance of %1 below O.

A water pump raises 40 kg of water a second through a height of 20m and ejects it

with a speed of 45 ms ™'

. Find the kinetic energy and potential energy per second
given to the water and the effective rate at which the pump is working.

A car of mass 1000 kg, whose engine is working at a rate of P watts, moves at a
constant speed of 20 ms "' on a horizontal road. Find, in terms of P, the total
frictional resistance on the car.

The car then freewheels (i.e. without the engine exerting any force) down a hill

. . . i
inclined at an angle & to the horizontal, where sina = -iz , at constant speed.

Find P.

Assuming the same frictional resistance and that the engine is working at the rate
of P watts, find the numerical value of the acceleration of the car at the instant it is
moving uphill with speed 7 ms ™.

A car of mass 1000 kg moves, with its engine working at its maximum rate, at a

constant speed of 10 ms ' up a hill inclined at an angle & to the horizontal, where
. 1 . . . .
sin @ = e The functional resistance to motion 1s X N. Express the maximum

rate of working in terms of R,

With the engine still working at its maximum rate, the car descends the hill at a

constant speed of 20 ms ' . Given that the frictional resistance is now 4R N, find

the value of R.
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21 A locomotive of mass M kg working at a rate of R kW ascends a straight track
which is inclined at angle ¢ to the horizontal. When the speed is vms ', the

acceleration is a ms . Find an expression for the resistance at speed v ms ' .
22 A car of mass 1500 kg is moving along a horizontal road. The resistance to the
motion of the car is 750 N. Assuming that the car’s engine works at 15 kW find
(1) the maximum constant speed at which the car can travel,
(i1) the acceleration of the car when its speed is 8 ms ™.
23 A car of mass 1300 kg tows a trailer of mass m kg along a level road. The
resistance on the car is 1000 N and that on the trailer is 1.5m N. Find the total

power developed by the engine when m = 600 and the car and trailer are

moving at a steady speed of 20 ms ™

. Form = 1700 and the car moving at a
speed of 25 ms ' and its engine working at a steady rate of 75 kW, find

{(1) the acceleration of the car and trailer,

(i) the tension in the coupling between the car and trailer.

State whether or not the car can maintain a steady speed of 25 ms ™" with the
engine working at a steady rate of 25 kW.

" and

Given that the safest minimum speed for travel on a motorway 1s 18 ms ™
that the car engine i1s working at a rate of 72 kW, find the range of possible
values of m so that the car and trailer can travel at steady speeds which are no
lower than the safest minimum speed.

24 A car travels at a constant speed of 20 ms ™' on a horizontal road against constant
resistance of 1000N. Find the rate of working of the engine.
The car is then attached to a caravan by a towbar and the resistance to the motion
of the caravan is 800 N. Given that the rate of working of the engine is 35 kW,
find the maximum speed of the car and caravan on a horizontal road and obtain
the tension in the tow bar.

The total mass of the car and the caravan is 1.8 tonnes and the car pulls the

caravan directly up a hill which is inclined at an angle & to the horizontal, where

sing = glg Given that the car is working at a rate of 42 kW, calculate the

acceleration up the hill when the car and caravan are travelling at 14 ms ™. The
non-gravitational resistances to the motion of the car and the caravan may bhe

assumed constant.
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The maximum speed of a car, whose engine can develop 15 kW, on a level road is

30ms™" . Find the total resistance to the motion of the car at its maximum speed.
Given that the non-gravitational resistance to the motion of the car varies as the

square of the speed and that the mass of the car is 800 kg, determine the power

developed by the engine when the car moves at a constant speed of 35 ms ™'

directly up a hill which is inclined at an angle o to the horizontal where @ = Eli- .

' on a level road.

A car of mass 800 kg 1s moving at a constant speed of 50 ms~
The non gravitational resistance to the motion of the car at all speeds and on all
roads 1s 700 N. Calculate the rate at which the engine of the car is working.
When the car climbs directly up a certain hill, it has a maximum speed of 25 ms ™'
and the engine i1s working at a rate of 20 kW. Calculate the angle of inclination of
the road to the horizontal,

i

Find the acceleration of this car when travelling at 25 ms™ up a hill inclined at an

. . 1 s . .
angle «r to the horizontal, where sin & :—i«i— , with its engine working at the rate of

15 kW.
A car of mass 800 kg is pulling a trailer of mass 200 kg up a hill inclined at an

angle «x to the horizontal, where sing = mi-lz . When the total force exerted by the

engine 1s 1000N, the car and trailer move up the hill at a steady speed. Find the
total frictional resistance to the motion of the car and trailer.

When the car and trailer are travelling at a steady speed of 10 ms ™' up the hill, the
power exerted by the engine is instantaneously increased by 2 kW.

Find

(i) the instantaneous acceleration,

(i1) the instantaneous tension in the coupling between the car and trailer, given

that the total resistance on the trailer is 75 N.
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Chapter 3

Impulse and Momentum

After this chapter you should

e be able to apply the impulse momentum principle to forces which are dependent
on time,

e know what is meant by impulsive tension,

* be able to solve problems where bodies are connected together by inelastic strings.

3.1 Impulse-momentum Principle
In M1 6.1, we have seen that, for a constant force P acting on a particle of mass m for
a time 7, such that the velocity of the particle in the direction of the force changes
from u to v, then

PT =m{v-u),
that is, impulse = change in momentum.
It is very unlikely that the force will be constant throughout contact and therefore a
generalisation of the definition of impulse is necessary. As in the case of work, the
generalisation can be seen from a graphical interpretation of impulse. Both the
following diagrams show the behaviour of the component of force in a given direction

with time ¢.

[
v
"~
<
4
e N

T T

The left hand diagram shows the component to have a constant value whilst the right
hand one shows variation with time; this is more likely to be a realistic form fora
sharp blow since it vanishes at 7 = 0, and ¢ = 7. The impulse of the constant force is
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therefore the shaded area under the line and this suggests that the impulse is defined

T
as J Fdr. The next step is to see whether this can enable a change of velocity to be

found simply in terms of the impulse.

Newton’s Law of motion gives

F= ml.
ds

Integrating this equation from ¢ = 0 to # = T gives

T tad dV
jF dr = j; =
4] tad) dt

bl

= (I?TV)I:T— (ﬂ’l\/),mo .
The right hand side of this equation is the change in momentum, the left hand side 1s

the impulse acting and therefore the impulse-momentum principle holds for all forces.

Example 3.1
A ball of mass 0.3 kg is moving with speed 5 ms ™ just as it hits a horizontal floor and

'. Find the impulse exerted on the ball by

bounces off the floor, with a speed of 2 ms”~
the floor given that the time of contact is 0.05s.

Taking the reference direction as upwards.

The momentum of the ball immediately after impact is 0.3 x 2 = 0.6 Ns upwards, and
immediately before impact, it is 0.3 x (-=5) =-1.5 Ns. The total change of momentum
i§ 0.6 ~ (~1.5) = 2.1 Ns.

The total force acting is (F — 0.3 x 9.8) N, where F' N is the force exerted by the floor.

4.035

The total impuise is j (F-0.3x9.8)dr Ns

0

0.03

= j Fdt - 0.147 Ns
0

Total impulse = change in momentum
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.05

det=o.147 = 21
0

0.05

j Ft = 2247 Ns

Exercises 3.1

1 A tennis ball of mass 0.08 kg moving horizontally towards the racquet with speed

1

6 ms™ is hit by the racquet and leaves the racquet horizontally with a speed of

'. The ball and racquet are in contact for 0.04 s. Find the force acting

12ms~

assuming

{1) that it is constant,

(i1) thatit is of the form ez N, where ¢ is the time, in seconds, measured from
impact and ¢ is a constant.

2 A cricket ball of mass 0.15 kg moving horizontally with speed 14 ms ™' just as it
reaches a batsman, is hit straight back horizontally with a speed of 24 ms ™' . The
bat and the ball are in contact for 0.05 5. Find the form of the force exerted by the
bat on the ball assuming that it can be expressed as 42(0.05 — £) N, where kis a
constant.

3 A ball of mass 0.2 kg falls vertically and when moving with speed 6 ms™ is
struck by a bat which is moving vertically upwards so that after the ball leaves the
bat, it has a speed of 4 ms ™' vertically upwards. Find, assuming that the bat and

ball are in contact for 0.05 s, the impulse exerted by the bat.

3.2  Impulsive Tensions

Strings

When a string jerks, equal and opposite tensions act suddenly at each end. So equal
and opposite impulses act on the objects which are attached to each end of the string.
If one end of the string 1s fixed, the impulse which act at the fixed end has no effect
on motion. The object aftached to the free end will undergo a change in momentum
equal to the impulsive tension along the string. The momentum in the direction

perpendicular to the string will remain unchanged.
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Example 3.2

A light intextensible string of length 2/ is fixed at one end to a point 0 on a smooth
horizontal floor. A particle P of mass m kg 1s attached to the other end of the string.
Pisinitially at a point 4 a distance / from 0. P is projected horizontally with speed
ums ™ at right angles to O4. Find the velocity of P immediately after the string

becomes taut and the magnitude of the impulsive tension.
O

Y
3
AP

ums™!
At the instant the string becomes taught, OP = 21, 04 = [ and QAP = 90°.

. / . . .
So cos AOP = 5 %and AOP = 60°. lust before the jerk, P has velocity u cos 60°

perpendicular to the string and « sin 60° in the direction of the string. After the jerk,
P can no longer travel in the direction of the string which is now taut and P has

velocity component v perpendicular to the string.

0

ucos 6

PN

u sin 6
Impulse = change in momentum
Along OP J = 0 ~ (—mu sin 6)
. 3
2
Perpendicular to OF
0 = myv ~ mu cos 60°
i
v = —.
2
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3.3 Impulsive motion of connected particles

Particles moving along the same line

—> U J J e T
[] []— 1
4 B

The typical problem is as shown in the diagram, two particles 4 and B, of mass m and
M, respectively, are connected together by a light inextensible string and, when the
string is taught, an impulse / is applied to B in the direction from 4 to B. Both
particles will move with the same speed u as shown and therefore there will be an
impulse J acting at 4 in the direction 4 to B. By Newton’s third law, there will be an
impulse of equal magnitude acting at B from B to 4. This impulse which is acting
along the string is usually called the impulsive tension even though it is not a force.
The total applied impulse is / and this, by the impulse momentum principle for a
system of particles, is equal to the total change in momentum ie. (m + Mu.
Therefore

1/
m+M

U=

The impulsive tension can now be found by applying the impulse momentum
principle to particle 4, i.e. mu =J, so that

ml
m+M

J:

An alternative method would have been to apply the impulse momentum to both 4
and B. The equation obtained for B would be / — J = Mu. Eliminating J gives u as
before. It is simpler for problems of this type, as for problems involving the motion
of two particles, to consider the whole system first and then one of the particles.

Some care has to be used in considering the impulsive motion of connected particles.
The diagram shows the two particles 4 and B discussed above moving with speed « in
the direction 4B when an impulse of magnitude / is applied to B in the sense from 4

to B.

b Y —>U ¥ —pV

0 ! [ []

A4 B A B
Before After
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After the impulse has been applhed they will both be moving with a new speed v and
the impulse momentum principle for a system of particles gives

m+Myy-u =1L
Therefore v can be found.
If the impulse had been applied from B to A and it had been assumed that both
particles still moved together, then this would have given that they would both be
moving to the left with speed v where

(m+My@y+uy= 1
This would mean that there would be an impulsive tension to the left on the particle 4.
This 1s impossible and therefore in this case the impulse would only affect the particle
B.

Example 3.3
Car 4 in the diagram is about to tow car B. The tow rope is slightly slack so that car 4

can reach a speed of 2.5 ms ™' before the rope tightens. Determine the motion of the

cars immediately after the rope tightens. The masses of cars 4 and B are 1500 kg and

1250 kg respectively.
— 2.5 ms” —ums’ — yms”
B B tfo o;
Before Afer

Immediately after the rope tightens the cars will be moving at the same speed of
uwms ™. In this case there is no applied impulse and the principle of conservation of
momentum may be applied .
The principle of conservation of momentum gives
1500 x 2.5 = (1500 + 1250)u
so that w = 1.36. The impulsive tension in the rope is 1250y Ns = 1700 Ns.

Example 3.4
Two particles 4 and B of mass 2m and 6m lie in a straight line, joined by an

inextensible string, which is just taut. An impulse of magnitude 16mU is applied to B

in the sense from A to B. Determine the subsequent motion.

-V —p Y
F D e 16mU
A B

The only possible motion will be along the string and since the string is inextensible
both particles move with the same speed v. The total momentum after the particles

start moving is 2mv + 6mv =8 mv. The impulse momentum principle gives
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8my = lomU ,
so that y =20,
The impulsive tension acts on A towards £ and is denoted by 7.

Applying the impulse momentum principle to A gives /= 2my = 4mU.

If the original impulse had been from B to A4, then there would have been no

impulsive tension in the string, so 4 would not move and 6mv = 16mU, giving

_ 8y
V—B.

Problems involving pulleys

Problems involving particles on a string passing over a pulley can be solved by
considering the system as a whole, as for the case of general motion involving
pulleys, but it is not really a safe approach. It is better to apply the impulse
momentum principle carefully to each particle. The most commonly occurring types
of problems are illustrated in the following examples.

Example 3.5
Two particles of mass 0.4 kg and 0.6 kg attached one at each end of an inextensible
string passing over a smooth pulley, as shown in the diagram, are set in motion. At

', the heavier particle

the instant when the particles have a common speed of 3 ms”~
hits a horizontal surface off which it does not rebound. (The surface is referred to as
being inelastic.) Find the speed with which the heavier particle is first jerked into

motion.

3 ms'li l

ums’ -1
0.4 kg “f“s
0.6kg L
Before After

Once the heavier particle has stopped the lighter one continues upwards under gravity
to its highest point and then falls, reaching the point where the string is about to
become taut with speed 3 ms™'. When the string becomes taut there will be an
impulsive tension 7 Ns in the string and the heavier particle will jerk off the plane
and both particles will start to move with a common speed ¥ ms .

Applying the impulse momentum principle to the heavier particle gives 7= 0.6u.
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The impulsive tension acting on the hghter particle will be upwards, the velocity of
the particle will have changed from 3 ms™' downwards to u ms™ downwards.
Therefore the change in linear momentum downwards is 0.4(x — 3) and this is equal to
—~T. Eliminating T gives
04(u -3)+06u 0
Le 0.4u +0.6u 12
so that the heavier particle is jerked off with speed 1.2 ms™ .

i

f

The equation for u is exactly the same as if the two particles had been in a straight line
and the principle of conservation of momentum applied. That method should not be
used to solve a problem in an examination as it needs careful justification but it could

help as a check.

Example 3.6
met L |
0.4k 09kg | | ums’
£ l 3ms”
B 0.6k B 06kg
Before After

When the particles are moving freely with a speed of 3 ms ™ as shown in the diagram,

the lighter particle picks up a mass 0.5 kg which is lying on a fixed ring through

which the particle passes. Find the common speed of the system immediately after

the mass has been picked up.

The particles move with a new unknown speed #ms ™' .

There will be an impulsive tension T in the string and this is the impulse acting on the

combined particle so, applying the impulse momentum principle to this combined

particle, 7= (0.5 + 0.4)u — 3 x 0.4. The velocity of the heavier particle, downwards,

will change from 3 ms ' toums™ so the change in its linear momentum downwards

is 0.6u — 0.6 x 3 and this is equal to —7 . Eliminating T gives
(05+04u—~04x3+06u-06x3 =0

ie. (0.5+04u +0.6u = 04x3+0.6 x3,

and u = 2.
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Exercises 3.2

1 Two particles P and O of mass 4 kg and 3 kg, respectively, lie on a smooth table
connected together by a light inextensible string. Particle P is projected away from
Q with speed 8 ms~!. Find the common speed of the particles after the string
becomes taut and the impulsive tension in the string.

2 Particle A4, of mass 0.2 kg, lies at rest on a smooth horizontal table and at a distance
of 0.4 m from its edge. The surface of the table is at a height of 2 m above the
floor. Particle 4 is joined by a light inelastic string of length 0.9 m to a second
particle B of mass 0.4 kg. This particle is placed at the edge of the table and then
pushed over the edge in such a way that the string is perpendicular to the edge of
the table. Find the speed of 4 when it starts moving and also the impulsive tension
in the string.

Questions 3 to 6 refer to two particles 4 and B, of masses m kg and M kg respectively,

connected by a light inextensible string passing over a light smooth pulley.

3 m =03 M= 02, the system is set off from rest and, when both particles are
moving with speed 2 ms™1, the particle B picks up from rest an additional particle
of mass 0.3 kg. Find the further distance moved before the system first comes to
instantaneous rest.

4 m= 0.5 M =03, the system is set off {from rest and, after descending 5 m, the
particle A strikes an inelastic floor and comes to rest. Find the time that it remains

on the floor and the speed with which it is jerked off.

through a small ring and a mass of 0.5 kg is removed from it. Find the time that
elapses before A next passes through the ring.

6 m=0.5 M=0.2, the system is at rest with 4 resting on a smooth plane. A falling
particle of mass 0.2 kg moving with speed 4 ms ™' strikes B and sticks to it. Find
the height to which A4 rises.

More Examples

Example 3.7

Particles P, Q, each of mass m kg, are attached, one to each end of a light inextensible
string of length 2/ m. The particles lie on a smooth horizontal floor. Initially P is at
point 4 and (J is at point B, a distance / m from 4.  is projected across the floor with
velocity u ms ™' perpendicular to AB. Find the velocity of the particles immediately

after the jerk and the magnitude of the impulsive tensions.



Impulse and Momentum

-

2 —> I ITIS
B

Just before the Jerk, P is at rest, Q has velocity u cos 60" perpendicular to the string

and u sin 60" along the string.
Just after the Jerk, P, O both move along direction of string with velocity v.

Perpendicular to the string, there is no impulse on either particles and the velocities in

this direction remain unchanged.

1708 60° u cos 60°
"/
Q
. 1}\‘Q

u sin 60°

Impulse = change in momentum

Along the string
for P J = my

for Q ~J = my - mz.;\/g
u3

Adding v o=
3
v = —.
4
Just after the Jerk,
. 3 .
velocity of P = -a—;{:ms "along string
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ms™

velocity of O =

4 4

|

5
in direction  tan™’ A2/ to the string
3
4
ie. tan ' 2} to the string
3
Also J = my
= mu«,@ Ns
4
Example 3.8

A light inextensible string of length 2/ m carries masses P, 0, each of m kg one at
each end and a mass R of 3m kg at its midpoint. P, ¢ and R are initially at rest on a
smooth horizontal table at the comers of an equilateral triangle of side #m. R is given
a blow of impulse J along the perpendicular bisector of PQ. Find the velocities of the
particles

(a) immediately after the blow,

(b) just before P and Q collide.

(a) Immediately after the blow, the velocities of P, @ and R are as shown in the

diagram, I u
R

1,
P/; ;\Q

in direction of J
J = 3mu+mvcos30 +mvcos 30
= 3mu+ mv\g ()
Also, since the particles are connected, the velocities of the particles along the string

at the two ends must be the same.
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So for Pand R, or for 0 and R

u3

vy o= wpeosdd = = ii
5 (i)

2J J3
— and v= .
m 9m

Solving these two equations gives u =

(b) Immediately before P and () collide, their velocities are as shown in the diagram.
K

#(O)

VVT H N TV.V

P 0
VX I/.f
We now have J = 3mVy+mVy+mby
J
V L RS
d Sm

which is the velocity of R.
In order to find VFx, it is necessary to remember that there is no change in K.E.
immediately after the blow and just before P, O collide.

Therefore, conservation of energy gives
1 1 1 1
—3mu +2—myv: ==3m W +2.—mlV> + W’

Substituting for #, v and Vy, we obtain

J
m~/90

237

and (sz + Vyz) = 250

Vx =

o . 23 . o .
Therefore P and Q have velocity with magnitude el 50 in a direction which makes
m

;=
an angle of tan ™' 4 \[-%W with the direction of the blow.
N /
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Exercises 3.3

1 Two particles P and O, each of mass 5 kg, are connected by a light inextensible
string of length 2m. Initially, they lie at rest on a smooth horizontal table with P at
A and Q at B where 4 and B are a distance 1m apart. Particle ( is projected across
the table with velocity 4ms ' at a direction which makes an angle 8 with AB. Find
the speed of P when it begins to move, and the impulsive tension in the string when

() 0 = 0

(b) 6 =120°
(c) O = 45°
(d) 0 = 90,

2 Two balls P and 0, of mass 4 kg and 2 kg respectively, liec on a smooth horizontal
plane and are connected by a light inextensible string. Initially O is due East of 2.
() is given a blow such that, if it were free, it would move in a direction North-East

", Show that Q actually moves with velocity 15.65 ms ™' ina

with velocity 21 ms™
direction North 72° East. Calculate the impulse applied to @ and the impulsive
tension in the string.

3 Two particles of masses 4 kg and 3 kg are lying on a smooth table and are
connected by a slack string. The first particle is projected along the table with a
velocity of 21 ms ™' in a direction directly away from the second particle. Find the
velocity of each particle after the string has become taut, and calculate the loss in
kinetic energy.

The second particle is attached to a third particle of unknown mass by another

slack string. After both strings have become taut, the common velocity of the

' Find the mass of the third particle.

particles is 10 ms”~
4 Three small bodies of masses 0.4, 0.5 and 0.6 kg, respectively, lie in order in a
straight ling on a large smooth table, the distance between consecutive bodies being
0.15m. Two slack strings which are light and inextensible, each of length 0.6m,
connect the first mass with the second and the second mass with the third. The
third body is projected with speed 4.5 ms ' directly away from the other two.
Calculate the time which elapses before the first mass starts to move and the speed
of the first mass when it starts to move. Calculate the loss in kinetic energy of the
system.,
Show that the ratio of the impulsive tensions in the two strings when the first mass
is jerked into motion is 8 : 15.
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Miscellaneous Exercises 3

1

The diagram shows two cars 4 and B of masses 1200 kg and 1800 kg on a

horizontal road. Car 4 has broken down and car B is about to tow it. The speed of

B just as the tow rope tightens is 5 ms™ . Modelling the cars as particles and
assuming that the tow rope is light and parallel to the road along the line joining the
cars, find

(1) the common speed of the two cars immediately after car 4 has started moving,
(ii) the impulsive tension in the tow rope.

The two cars then continue to move along the horizontal road until they reach a

1

steady speed of 15 ms™ . They then continue at this constant speed. Given that
car B is working at a constant rate of 20 kW, find the total resistance acting on the
two cars.

Given further that the resistance on each vehicle is proportional to its mass, find

the tension in the tow rope.

ooy
o

2m

2m om

The diagram shows a particle P of mass 2m on a rough horizontal table and
attached by light inextensible strings to particles R and § of mass 6 and 2m
respectively. The coefficient of friction between £ and the table is 0.5. The
strings pass over light smooth pulleys on opposite sides of the table so that R and
§ can move freely with the strings perpendicular to the table edges. Given that the
system is released from rest, find the magnitude of the common acceleration of the
particles and the tension in the string joining £ and §. After falling a distance d

from rest, the particle R strikes an inelastic floor and is brought to rest. Find, for
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the period after R strikes the floor, the further distance that S rises. Find also
assuming that in the subsequent motion P remains on the table and S never
reaches the table, the speed at which R is jerked off the floor.

. Two particles 4 and B each of mass m kg are connected by a light inextensible
string of length 2 Z, and rest on a smooth horizontal table at a distance £ apart. B is
given a horizontal impulse mu Ns in a direction perpendicular to AB. Given that
(i) A is fixed

(i1) 4 1s free to move,

find the impulse in the string on tightening and the velocity of B immediately
afterwards. Show that the loss in kinetic energy in (1) is twice the loss in kinetic
energy in (11).

A smooth plane inclined at an angle of 30" to the horizontal is fixed such that its
lower edge is at a height « m above a horizontal table. Two particles each of mass
m kg are connected by a light inextensible string length of 2a m. Initially, P is

held at the lower edge of the inclined plane and Q rest on the table vertically
below P. P is then projected with velocity « ms ' where u >./ga upwards along

the line of greatest slope of the plane.
(a) Find the impulsive tension in the string when Q is jerked into motion.
(b) Calculate the tension in the string while ( is moving.
(¢) Given that Q just reaches the edge of the table, determine the value of u.
Two particles of masses 1 kg and 3 kg are connected by a light inelastic string of
length 0.8 m. The string passes over a smooth peg. Initially the particles are held
in contact with the peg. They are then dropped from rest at the same instant, one
on each side of the peg.
(i) Find the speed of each particle immediately after the string tightens.
(i) Calculate the loss in energy due to the sudden tightening of the string.
(i) Find the time that elapsed from the time when the particles were dropped

until the lighter particle reaches the peg again.
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Chapter 4

Motion Under Gravity in 2 Dimensions

After working though this chapter you should

¢ be able, for motion in a plane, to find the magnitude and direction of velocity of a
particle in two dimensions, given its component, and vice-versa.

e have a clear idea of the form of the path of a particle moving under gravity and be

able to solve problems of a particle being projected from a point.

4.1 Basie kinematics

All the dynamical problems that you have come across so far have involved motion in
a line where 1t is only possible to move backwards and forwards. The situation is not
quite as simple for motion in a plane, for example, a ball moving on a horizontal plane
can move in an infinite number of different directions. It is therefore necessary to
generalise the i1dea of velocity to problems involving two dimensional motion.
Velocity is defined to be something which completely represents the rate of change of
position of a body, both the rate at which distance is covered and the direction in
which the body is moving. It is not particularly easy at this stage, except for motion
in a straight line, to give a clear definition of rate of covering distance though if you
walk along any kind of curved path you are still aware of some kind of ‘speed’. The
basic point however is that velocity is something which has associated with it both a
magnitude and a direction : its ‘speed’ and the direction of motion. The velocity of a

man moving with constant speed 2 ms ™' at an angle © North of East as in the left hand

diagram is defined to be of magnitude 2 ms ™' at an angle § North of East,
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2 ms”

direction
W< 0 > E of motion

direction
of motion

If the man were to walk round a circle as in the right hand diagram so that each small
arc of the circle is described in equal time, then the direction of motion at a point
would be along the tangent to the circle. His velocity at any point on the circle is then
defined to be along the tangent to the circle at that point and its magnitude to be the
circumference of the circle divided by the time to describe a complete circle. A more
precise definition of this magnitude will be given later.

Therefore the velocity at a point can be represented by a line, the direction of the line
representing the direction of motion and its length representing the magnitude,
Velocity is therefore, like force, a vector. This means that any velocity can be
regarded as a combination of two, or more, separate motions or components. A
simple example is the motion of rain when it is windy. If there is no wind the rain
will fall vertically downwards but when it is windy it falls at an angle. This is
because the actual velocity of the rain is a combination of the velocity due to falling

under gravity and the wind velocity.

vertical direction of rain

— wind velocity

Velocities combine, like forces, according to the parallelogram rule.

Y a y4 C}i
C
C
y 6m M
A3m M g i B
M R 4m f/e B . m f/e
O(A} B X O P X O » X
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You can see this by imagining a large board on an ice rink and with two perpendicular
edges 4B and AC pointing East and North. I[nitially the board is placed, as shown in
the diagram, with 4 at a fixed point O and 48 and A parallel to fixed lines drawn
East and North through O. These lines are taken to be co-ordinate axes Ox and Oy.
The board is then pulled northwards with speed 4 ms "' and at the same time a small
animal M is imagined to move along the line AB with speed 3 ms™ . After 1 s, O4
will be 4 m and AM will be 3 m so that, referred to the axes Ox, Oy, M will have
coordinates (3,4) and OM will be V4% +3% m=5m. After 2 s the coordinates will
be (6, 8} and OM = 10 m. Therefore M will move along the line through O and the
point (3, 4), its speed will be 5 ms™' . Therefore the motion of M with speed 5 ms ' at

4. L D
an angle 6 to Ox, where tan 6 = 3isa combination of the two separate motions 1.e. the

components of the velocity are 3 ms™ along Ox and 4 ms ™ along Oy. This confirms
the validity of the parallelogram of velocities in a simple case.

It is easier in more general motions to define the components in two perpendicular
directions first rather than try and define directly something which represents the rate
of change of position. 1f the components of velocity along Ox and Oy are defined by

uand v,
YVa C
velocity
v
A B
0 -+ x

respectively, then the velocity is represented, as shown in the diagram, by the
hypotenuse of the right angled triangle ABC where 4B is parallel to Ox and
proportional to u and BC is parallel to Oy and proportional to v.  The length of the
line AC represents the speed w which is defined by w = vu” +v* . The velocity is

therefore defined to be of magnitude w and in the direction making an angle 6, where

Voo . o
tan 6 = v with the positive x direction,

From the right angled triangle 4ABC , 1% =cos B, f;': sin 6,

1.€. u=wcos8,v=wsinb.

The above equations let you convert the magnitude-direction defimtion of velocity to

component form and vice-versa.
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The equations are precisely the same as those relating the magnitude and direction of
a force to its components and you have to be careful, as in Statics in 2.3 in M1, that
you choose the correct quadrant for the direction of the velocity.

The position of a particle moving in a plane is specified completely by its x and y co-
ordinates; these may depend on time. These co-ordinates are generally referred to as
the displacements of the particle from the origin. The x- and y-components of

velocity, # and v respectively, are defined by
dx d
u=g. v=g
If you have not yet covered differentiation, then the velocity components can be
defined, as in 4.1 in M1, as the slopes of the graphs of x and y against time.
Therefore, given x and y, u and v can be found and therefore the magnitude (i.e. the
speed) and direction of the velocity. As ¢ varies, the point with co-ordinates x and y

will describe a curve, the path of the particle, as shown in the diagram.

Y4 direction of motion

The motion of the particle will be at an angle 6 to the x-axis where

dy
oy _dr
tanb = = G dp
r

therefore the direction of motion of the particle will be along the tangent to the path.

. . d%x d?
Acceleration is also defined as a vector and its components are —- and —;j
dr dt
However the acceleration due to gravity is constant and vertically downwards and
therefore, if the x and y axes are chosen horizontally and vertically, only one
component of acceleration has to be considered in problems of motion under gravity

as considered in 4.2.

Example 4.1
Find the x- and y-components of the following velocities

(i) 4ms™" at an angle of 40° to the positive x-axis,
(i) 8 ms™" atan angle of 140° to the positive x-axis,

(iii) 14 ms ™" at an angle of 60° below the positive x-axis.
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The velocities are all shown in the diagram below where the x-axis is taken to be

across the page to the right and the y-axis to be up the page.

y y y
4 ms™ 8 ms”
i 140°
40" 40° N : .
0 o 0 T 0 N6
14 ms™
(1 (i) (i1)

(1) The x- and y-components are
4c0s 40°ms™ =3.06ms ' and 4sin40° ms™'=2.57 ms ™.

(11) The x- and y-components are

8cos 140° ms '= - 6.13ms 'and 8 sin 140° ms™'=5.14 ms .
These components could also have been found, as in problems in Statics, by taking
components along the positive y direction and the negative x direction.
These are  8cos40°ms™'=6.13ms 'and 8 sin40° ms '=5.14 ms™".
The x-component is then found by changing the sign of the first component.
(iii) In this case the simplest way is to find the components along the positive x- and
negative y-axes; these are

14cos60°ms™ =7ms™ and 14 sin 60°ms ™ 1 =12.1 ms™

The x- and y-components are therefore 7 ms "' and ~12.1 ms™'.

Example 4.2
Find the magnitude and direction of the following velocities given that their x- and y-
components are respectively

®6ms",3ms™, (i) -7ms™',Sms”", (i) 2ms”,-3ms”.

3ms” 5ms™ .
14 L] o
: 6 ms™ 7 ms™ 0 3 ms”
(1)

(i) (iii)

The components are shown in the above diagram where the x-axis is taken to be

across the page to the right and the y-axis to be up the page.
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(i) The speed is V6% +3% ms ™= 6.71 ms'and the motion is at an angle O to the

. . 3 o o
positive x-axis where tan 6 = ¢ so that 8 =26.6 and therefore the velocity is

6.71 ms ™ at an angle of 26.6° to the positive x-axis.

(ii) The speed is V72 +5% ms™ = 8.6 ms ™ and the motion is at an angle 6 to the

. : 5 L
negative x-axis where tan 0 = 7 $0 that = 35.5° and therefore the velocity is

8.6 ms ™' at an angle of 144.5° to the positive x-axis.
(i11) The speed is V22 +3% ms'=3.61 ms™and the motion is at an angle 6 to the

. . . 3
negative x-axis in the third quadrant where tan 0 = 5 80 that 8 = 56.3° and therefore

the velocity is 3.61 ms ™ at an angle of 236.3" to the positive x -axis,

Example 4.3
The x and y displacements, in metres, of a particle from the origin at time ¢ s are

(3¢, 4t — 3t™"). Find the velocity components when 7 = 1 and ¢ = 3. Determine also
the direction of motion forz=1.
The velocity components are found by differentiating the displacements and this gives

u=3ms™,v=(4~-6f)ms . The velocity components for = 1 are therefore

1 1

3ms 'and—2ms ™', and forr=3 are 3ms ' and - 14 ms™".

3 ms™

2 ms™

The components for ¢ = 1 are shown in the diagram, with the x and y directions as

defined in Example 4.2. The velocity is at an angle 0 below the x-axis where

2 o
tan9=§so that 6 = 33.7",

Exercises 4.1

In the following questions the x and y displacements of a particle from the origin are
denoted by x m and y m respectively and the x- and y-components of velocity by

ums ™ and v ms "' respectively.

1 Taking the x-axis to be across the page to the right and the y-axis to be up the page,

find u and v in the following cases.
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-1

9 ms 15 ms™
20°
45° 60° 7ms’
@) (i) (iii)
70° 80°
12 ms™ 10 ms™
@iv) )

2 Find the magnitude and directions of the velocities corresponding to
) u=2,v=6, (Du=-3,v=8, ()u=4,v=-12, ((Vviu=-9,v=—4,
(v) u=12,v=-15.
3 Find # and v when
() x=5¢, y=2r+4:>, (i) x=3¢t, y=4t-3¢%, (iil) «=8¢%, y=517 +4¢°,

¢ -2

(iv) x=e¢™", y=e ' +e

4 TFind the speed and the direction of motion for 3(1) and 3(ii) at 1 = 2,

4.2  Equations of metion

The motion of any body moving under gravity (such a motion is generally referred to
as projectile motion with the moving body being called the projectile) is governed by
Newton's second law of motion. You have already met this for motion along a line in
the form mass x acceleration. The form for general motion is basically the same
except that it is now necessary to take into account that the motion is no longer in a
straight line. In more general circumstances Newton's law is

Mass x component of acceleration in any direction = component of force in that
direction.

In projectile motion the modelling assumptions made are that all bodies are modelled
as particles and that there are no resistive forces acting so that the only force acting is
that due to gravity. If the x-axis is chosen horizontally and the y-axis vertically
upwards then there is no x-component of force and the y-component of force is —mg,
where g 1s the acceleration due to gravity. Therefore Newton's law gives

mass x x-component of acceleration = 0, mass x y-component of acceleration = — mg,
Le. x-component of acceleration=0,  y-component of acceleration=—g.

The first equation shows that the x-component is a constant e.g. u, so that the
horizontal displacement of a particle from its initial position is uz. The second
equation shows that the vertical motion will be the same as that of a particle falling

freely under gravity i.e. with downwards acceleration g. The vertical displacement

1
can therefore be found from s =1t + ) at’ with a = — g and u equal to the value of
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the upward velocity component at time ¢ = 0; this will be denoted by v. Therefore the
horizontal and vertical displacements at time ¢ of a particle from a point O are given
by
1,
x =ut and y=vi=5gt",

initial point O. Therefore if a particle were projected from O with velocity
components « and v, as shown in the left hand diagram, its co-ordinates would be

given by the above equations.

v

0 u 0<-~~-~-

It is often more usual to give, as in the right hand diagram, the magnitude V and
direction « to the horizontal of the initial velocity., Therefore u =V cosa, v = Fsina

and substituting into the expressions for the displacements gives
, 1
x =Vcosar and y=Vsinar—7gl’.

Either of the above sets of equations can be used to solve any projectile problem but
on the whole it is better to tackle any problem from first principles. 1t is important to
notice that the equations determining the vertical and horizontal displacements are
independent of each other. The horizontal motion is a motion at constant speed and
the vertical motion is that of a particle moving vertically; you solved problems of this
type in 4.3 in M1. The actual motion of the particle is the combination of the two
independent motions.

It 1s also possible to generalise the principle of conservation of energy to cover
projectile motion and use of this can give a quick method of finding speed. The

principle of conservation of energy applies to the vertical motion in the form

1 . . o
5 m {vertical component of velocity) * + gravitational P.E = constant.

The horizontal component of velocity is constant and therefore the above equation

! : NN .
holds if 5m {(horizontal component of velocity) ~ is added to both sides. Also

{horizontal component of velocity)® + (vertical component of velocity)” = (speed)”.
The definition of kinetic energy can be generalised to plane motions by

1 )
KE. = 5m {speed) °,

and therefore with this definition the mechanical energy is conserved.
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An alternative but completely equivalent way of finding the displacements would be

to use the definition of acceleration in terms of a derivative to get
d*x d?y
5 = 0 and 5 =g
de” de
These can be integrated to give x and y and obviously this again gives the same

expressions as found directly from the constant acceleration formulae.

The expressions found for x and y above can be used to give some general formulae
such as that for the greatest height risen. In many examinations full credit will not
normally be given for using these formulae without derivation and this is stated in the
M2 syllabus. These formulae are however useful in showing the general behaviour of
a projectile and their derivation is given in 4.3.

Before working through some examples you may find it useful to have some general
idea of the path of a projectile under the assumptions of the model. The actual path
will be slightly different mainly due to the effect of air resistance. You will already
have some idea of how a projectile moves from watching the motion of a football,
tennis ball or cricket ball. You can get a particularly clear picture by looking at the

water coming out of a hose pipe pointed at an angle.

H 1
2
\ 3
O
o @ A (b)
(@)
o © @

Diagram (a) shows the path taken by a projectile projected from level ground and
landing on level ground. It rises to its highest point / and then hits the ground again,
the curve described is known as a parabola and it is symmetric about the vertical line
through its highest point . At H the particle will be moving horizontally and, in
view of the symmetry, the time to reach H will be one half of the time taken to reach
A. The distance OA from ground to ground is called the range, R. Diagram (b) shows
the variation in range with different angles of projection for a given speed of
projection. Curve 1 shows that for a large angle of projection the range is relatively
small. It increases as the angle of projection decreases until it reaches a maximum
value for a projection angle of 45°, this is curve 2. Thereafter the range decreases
with the angle of projection as shown by curve 3. Any range other than the maximum

value can be attained for a given speed with two angles of projection; if o.” is one such
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angle then 90°— o is the other. This is shown in diagram (c). If the particle is
projected from the top of a cliff the path will be as in diagram (d).

The basic method of solving any problem is to write down the displacements from the
point of projection at any time. These will involve the initial components of the
velocity of projection, or equivalently, the speed and angle of projection. These will
either be known or sufficient information will be given to find them. In cases of
projection from ground level it is usually better to take the y-direction vertically
upwards. For problems involving projection from a point above ground level it may

be worth taking the y-direction downwards. In such a case you should remember to

. . 1
use the correct signs in s = ut +5 at’.

In all the following examples the horizontal and upwards vertical displacements of a
particle at time 7 s are denoted by x m and y m respectively and v ms 'and v
ms "~ denote the horizontal and vertical components of the initial velocity and g will be

assumed to be 9.8 ms .

Example 4.4
A particle is projected from a point O on level ground with velocity components of

7 ms™' horizontally and 19.6 ms ' vertically upwards. Find the distance from O of
the point where the particle next hits the ground and also find the greatest height

reached above O,

Since there is no horizontal component of acceleration, the horizontal component of
velocity has the constant value 7 and therefore
x =7t

1 .
Applying s=ut+5at” witha=~9.8,u=19.6 gives

y = 19.66~49°.
The particle is on the ground when y=0 Le.
19.6t — 4.9 = 0,

so that 1 = 0 or £ = 4, so 1t next hits the ground when 7 = 4 and x = 28. The greatest
height is reached at the point where there is no vertical velocity. Applying v =u + at
with u = 19.6 and a = — 9.8 shows that the vertical velocity v is given by

v = 19.6 - 9.8¢

This vanishes when ¢ = 2. This result could also have been deduced from the
into the expression for y gives the greatest height as (39.2 - 19.6) m = 19.6 m.

An alternative method for finding the greatest height would have been to use
V2= 24+ 2as, withu=19.6,a=~98 and v=0.
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Example 4.5

A particle is projected from a point O with a speed of 25 ms™

at an angle 8 to the
. 4 . . . .
horizontal where tan 6 = 3 Find the equation of the path of the particle and also its

direction of motion when ¢ = 3.

v ms

25 ms”

U ms

The left hand diagram shows that cos 6 = ;}j‘ and sin 6 = %, it then follows from the

right hand diagram that the horizontal component of velocity is 25 cos 6 = 15 and the
vertical component of velocity i1s 25 sin 6 = 20,
The horizontal component of velocity will have the constant value 15 and therefore

x =151

. ] 3 . .
Applying s=ur+ yar® with a = - 9.8, u =20 gives

y =20t-4.9:%.
Substituting for ¢ in terms of x gives
20 x° 4 49%°
Y = 5% 4.9—2—?-3 =3 225
which is the equation of the path.
The vertical component of velocity is found by substituting « = 20 and ¢ = - 9.8 into
v =1y + gt giving
20 - 9.8

(This could also have been obtained by differentiating y with respect to 2.}
For ¢ = 3 the vertical component of velocity is — 9.4 and the components of the
velocity are as shown in the diagram.

15

9.4

The particle is therefore moving at an angle ¢ below the horizonial where
tan ¢ = 0.63, so that ¢ = 32.1°.
The direction could also have been obtained by differentiating the equation of the path

with respect to x and finding the gradient for =73 i.e. for x = 45.

69



Motion Under Gravity in 2 Dimensions

dy 4 98
& T3 7225

and its value for x = 45 is — 0.63. The minus sign shows that it is moving below the

horizontal.

Example 4.6
A ball is projected from ground level so that after 2 s it just clears a wall at a distance

of 6 m away and 3 m high. Find the mitial horizontal and vertical components of

velocity.

In this case the initial components of velocity are not given but, as in the previous
examples, the co-ordinates can be expressed in terms of them as

X = ut.

y =vt—4.9t%.

The conditions give x = 6 for ¢ = 2, and substituting into the equation for

Substituting ¢ = 2 and y = 3 into the equation for y gives
3 =2v-49x%x4,
so that v=11.3.

Example 4.7
A golf ball is projected from the ground with speed 35 ms™ at an angle 0 to the

. 3 . . .
horizontal where tan 9 = e On its downward path it just clears a tree 5.6 m high.

Find the distance of the tree from the point of projection.

The horizontal and vertical components of velocity are given by u = 35 cos 6 and

3 : . . ,
v =35 sin . Since tan 6 = e it follows by drawing a right angled triangle as in

4 . 3
example 4.5 that cos 8 = 3 and sin 0 =30 that ¥ =28 and v=21.

The displacements from the mitial point are given by

x = 28t

y = 21t-4.9¢.
Substituting y = 5.6 into the expression for y gives

5.6 = 21t —4.9¢.

This is a quadratic equation for ¢, this can be solved using the standard formula and
the roots are 1 = 4 and ¢ = 0.29. The question states that the ball hits the tree on its
downwards path so the correct root is the larger one i.e. 7 = 4. Substituting this into

the expression for x gives the distance to the foot of the tree as 112 m.
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Example 4.8
A particle is projected horizontally with speed 32 ms™, as shown in the diagram,

from the top of a vertical cliff to horizontal ground at a distance of 80 m below the

point of projection. Find the distance of the point of impact from the base of the cliff.

32 ms™

80 m

in this case, since the motion is entirely downwards, the y direction can be chosen
vertically downwards. The initial vertical velocity is zero and therefore the
displacements are given by

x =32t

y =497,
The particle hits the ground when y = 80 so that 80 = 4.9t* giving ¢ = 4.04.
Substituting this in the expression for x shows that the particle hits the ground at a
distance of 129.3 m from the base of the cliff.

Example 4.9
A particle is projected with speed 25 ms~

' and with an initial upwards component of

velocity of magnitude 19.6 ms ™', as shown in the diagram, from the top of a vertical
cliff to horizontal ground at a distance of 58.8 m below the point of projection. Find
(1) the distance of the point of impact from the base of the chiff,

(11) the speed of the particle on impact.

25 ms™

In this question v is given but not u. The angle of projection 0 above the horizontal
can be found from 19.6 = 25 sin 6 which gives 6 = 51.6" and u = 25 cos 6 = 15.52.
In this case the y direction will be taken upwards so that the displacements are

x =1552¢

y =19.6t—49¢.
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The particle hits the ground when y =-58.8 so that
—58.8 =19.6:—4.9¢*,

this equation simplifies to
t* —4r—12

0,
which factorises as
(t-6)(r+2) = 0.
The positive root is t = 6 and substituting this into the expression for x shows that the
particle hits the ground at a distance of 91.2 m from the base of the cliff.
The speed ¥ ms ™' on impact can be found using the principle of conservation of

energy which gives

1 s 1 2
5m (25)" +m x 9.8 x 58.8= EmV‘,

where m is the mass of the particle and the level of the base of the cliff has been taken

as the zero level of potential energy. This equation gives V' =42.16.

Exercises 4.2
Questions 1 to 6 refer to a particle projected from the origin with horizontal and

1

vertical components of velocity # ms ' and v ms ™' (or with speed ¥ ms™' at an angle

o above the horizontal), the displacements of the particle at time ¢ s after projection

2

are denoted by x m and y m, respectively. Also g should be taken as 9.8 ms ™.

1 u=4,v=>5, find x and y in terms of ¢ and find when the particle is next at the level
of projection and its horizontal displacement from the point of projection at this
time.

2 u=6,v=11, find x and y in terms of ¢ and find its maximum height above the
level of projection.

3 u=4,v=12, find x and y in terms of ¢ and find the magnitude and direction of its
velocity when ¢ =1 and when ¢ = 8.

4 V=250 =30, find x and y in terms of 7 and find when the particle is next at the
level of projection and its horizontal displacement from the point of projection at
this time.

5 V=30,silno= g , find x and y in terms of ¢ and find its maximum height above the
level of projection.

6 V=40, a=20° findx and y in terms of  and find the magnitude and direction of
its velocity when =1 and when 7 = 8.

7 One second after projection a particle has a horizontal component of velocity of
8 ms'and an upwards vertical velocity component of 25 ms™. Find the

maximum height reached above the point of projection.
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8 A ball is thrown with speed 20 ms ™' at an angle of 20° above the horizontal and
just clears the top of a wall at a distance of 18 m from O. Find the height of the
wall above the level of O.

9 A stone is thrown from the top of a cliff at a height 75 m above sea level with
initial speed 25 ms™ at an angle o above the horizontal, where cos o = %— Find

the distance from the base of the cliff to the point where the stone hits the sea.

10 A particle projected from the origin and moving under gravity has coordinates
(10, 5) two seconds later. Find its initial velocity components.

11 A particle projected from level ground rises to a height of 19.6 m above it. Find
the vertical component of its initial velocity.

12 A stunt motor cyclist attempts to cross a river 60 m wide by taking off at a speed
of 35ms™ from aramp at an angle of 25° to the horizontal. Determine whether
he will be able to cross. He estimates that air resistance will be such that the
distance travelled will only be 60% of that predicted by the model neglecting air
resistance. Find the minimum speed with which he should leave the ramp.

4.3  Basic projectile formulae

In this section some of the basic formulae for projectile motion will be derived and
used to establish some of the properties of the path that were described in 4.2. You
should be aware of these formulae and know how to derive them but in examinations
it is likely that quoting them without proof could bring a penalty.

If a particle is projected from a point O with velocity of magnitude ¥ acting at an
angle o above the horizontal, then the horizontal and vertical components of its initial
velocity are V cos a and V sin . The horizontal velocity remains constant and

therefore the horizontal displacement is V cos au.

N N N 1 9 . .
For the vertical motion, applying s = uf + 5at’ with @ = — g and u = V sin o shows

. « " . 1 23
that the vertical displacement is y = V sin o — K8t

Therefore the horizontal and vertical displacements x and y are given by
x =Vcosat, y =Vsin at—%gtz .
The particle will be on the same level as the point of projection at the time ¢ = 7" when
y=0 ie.
VsinaT—%ng = 0,

This gives, since the solution 7'= 0 refers to the initial position,

. 2Vsina
T= ,
g




Motion Under Gravity in 2 Dimensions

and 7 is often referred to as the time of flight. Substituting 7 into the expression for x
gives, for a particle projected from ground level, the distance of the point of impact
from the point of projection. This is referred to as the range R which is therefore
defined by
_ 2F*sinacosa

7g :

You know from the symmetry properties of the trigonometric functions that

E o ,
sm[z—a] =cos a and cos [E—a} =sin o,

R

therefore 1f a particular value of a gives a range R then so will g — a. It will be

shown in P3 that 2 sin o cos o = sin 2o and therefore the maximum value of R, for a

given V, occurs when sin 2a = 1, i.e. when a = % A proof, not depending on

anything in P3, that the maximum value of range occurs for a = % is given at the end

of this section.
Substituting u =V sina and a = — g into v=u + at gives the vertical component of

the velocity to be V sin a — gz, this vanishes at the point of maximum height above O.

Therefore the time to reach this point is @, which is half the time of flight.
g

Substituting this value into the expression for y shows that the greatest height 4 is
given by
V *sin‘a
2g '
(This could also have been obtained by substituting v= 0, u = V' sin a and ¢ = — g into

v: =u’ +2as)

h =

Substituting the value of the time to the point of greatest height into the expression for

o1
x shows that the displacement of the point of greatest height is >R

Eliminating ¢ between the expressions for x and y gives

2
# =xtano — & sec? a,
2V %cos’a 2y?

which is the equation of the path of the particle.

y =xtano —

You can check, by expanding the squared term in brackets, that the equation of the

path can be rewritten as

2
2. - 2.
gsec’a V “sinacosa V *sin‘a
y = - X = +

21 g 2g
This can be further simplified to

gsec’a 1.
b= - r—Lr|,
o = B xega)
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. , 1. . 1
this shows the symmetry about the point x = 5R i.e. the curve is symmetric about the

vertical through the point of greatest height,

Determination of angle for maximum range

C
Y
o
A X B
The diagram shows a right angled triangle ABC with the angle BAC = o and AB = X
Y e
and BC =Y. Therefore smdao = —————0 COSO = —m—————- and
. 2XY
2sinacos o0 =——s——rs
(X* + Y9

Also X-Y) =X"+Y’ - 24T

The left hand side is positive and attains its minimum value of zero when X = ¥,

therefore
2XY
: <1,
x>+ Y‘7)
with the equality holding for X = Y. This therefore shows that 2 sin « cos o has its

) ) 1 . n
maximum value when cos oo = sin o :*\ﬁ ,Le for o= e

You may now care to use these results to answer Examples 4.4 and 4.5 and question
1,2, 5 and 6 of Exercises 4.2,

Miscellaneous Exercises 4

1 A golf ball is struck from a point O on horizontal ground so that initially it is

. 3
moving with speed 25 ms™ at an angle O to the horizontal where tan 0 = T

Write down expressions for the horizontal and vertical components of its
displacement from O at any subsequent time /.
State two physical assumptions that you have made in determining the
displacements. Determine the time to reach maximum height and the range as
predicted by your model.

2(a) A zoo-keeper fires a tranquillising dart at a rhinoceros. The dart is fired at a
speed of 25 ms'at an angle o above the horizontal and, when it hits the
rhinoceros, it is at the same height as that at which it was fired.
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Given that cos ¢ = A and sin o = ﬁ find
25 25

(1) the time of flight of the dart,

(i1) how close the keeper was to the rhinoceros when the dart was fired.

(The dart is to be modelled as a particle and air resistance may be neglected.)

The zoo-keeper has to tranquillize another rhinoceros well beyond the range of
the dart but which is running towards the keeper at a speed of 10 ms™. The
keeper fires the dart at the same speed and angle of projection as in {(a). How far
away should the rhinoceros be from the zoo-keeper when the dart is fired?

At time 1 = 0 a particle P is projected from a point O on horizontal ground with

3
speed 40 ms™ at an angle o to the horizontal, where cos o = 5

Write down expressions for its vertical and horizontal displacements from O at
time ¢ seconds and show that it reaches its greatest height after approximately
3.27s.
Some time after attaining its greatest height the particle hits a screen, which is
perpendicular to its plane of motion, at a point B at a height 49.6 m above the
horizontal.

(1) Show that the particle hits the screen 4 seconds after being projected.

(i1) Find the gradient of the path immediately before impact.

(b) The screen is then moved nearer to O so that the particle, when projected as

(c)

above, still strikes it at the point B. Find, in metres correct to one decimal place,
the perpendicular distance of the screen from O in this case.

The screen is moved to the position where P, when projected as above, strikes it
at the highest point of its motion. Given that the coefficient of restitution

. 1 . )
between the particle and the screen is 1 find, in metres correct to one decimal

place, the perpendicular distance from the screen to the point where P first hits

the ground.

A particle P is projected from a point O on a horizontal plane with speed v at an
angle o above the horizontal. It rises to a maximum height /# above the plane and
strikes the plane again at a distance » from O. Write down x and y, the horizontal
and vertical displacements of P from O at time ¢ after projection, in terms of v, «,
gand . Hence find r and /4 in terms of v, g and «.

The particle passes through the point 4 whose horizontal displacement from O is
pr, (0 <p <0.5). Find, in terms of p and a, the tangent of the angle } between
the horizontal and the path of the particle at 4. State the horizontal displacement
of the point B where the path is inclined at an angle 8 below the horizontal.

Given that at A the particle 1s at a height a above the horizontal plane, express a

in terms of p and A.
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A golf ball is driven from a point O with an initial speed of 42 ms™

at an angle
o to the horizontal. Neglecting air resistance, derive the horizontal component x
and the vertical component y, of the ball's displacement from O at time ¢ after

projection. Show that

2
X

360cos’a

The golf ball just clears a tree at B where B is on the same horizontal level as O

y = xtana -

and OB is 150 m. The tree 1s 5 m high. Verify that one value of a is such that

3
tano,—S.

By using the identity =1+tan’ «, find a quadratic equation satisfied by

cos” a
tan a and hence find a second value of tan o such that the ball just clears the tree
at B.
A particle, projected with speed ¥ at an angle « to the horizontal from O, moves
freely under gravity. Find u and v, the horizontal and vertical components of its
velocity, and x and y, its horizontal and vertical displacements, respectively, at
time ¢ after projection. Show that

24~

~ = {an o.
" fan o

Given that the particle strikes a plane through the point of projection and inclined

1
at an angle p to the horizontal, where tan p = 5 at right angles, find the value of

.Y : .
the ratio Lt the instant of impact. Hence find the value of tan o.

A particle P is projected with speed V at an angle a to the horizontal from O.
Find u and v, the horizontal and vertical components of its velocity, and x and y,
its horizontal and vertical displacements, respectively, at time 7 after projection.
Given that the particle strikes the horizontal plane through O after a time 7, show

that
_ 2V sina

g
Find, in terms of g and 7, the maximum height of the particle above the level of
0.

T

. . 5T S . . . . S
Given that at time —S'the particle is moving at right angles to its original direction

of motion, find tan .
A particle is projected from a point O on level ground and next strikes the ground
again after a time 7 at the point 4, where 04 = 2a. Find the horizontal and

vertical components of the velocity of projection.
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Motion Under Gravity in 2 Dimensions

A stone is projected with a velocity of 14,7 ms™ at an angle o to the horizontal,

2

where sin o = 3 Before reaching its maximum height it just misses the top of a

pole of height 2 m. At the instant the stone is thrown a bird leaves the top of the
pole and flies horizontally at a constant speed of v ms™ . Find v given that the
stone hits the bird.

Two seconds after a stone is thrown, it is moving at an angle « to the horizontal
where tan « = 2, a further second later it is moving at an angle p to the

horizontal, where tan §§ =1.

. L . tano
Find, by considering the ratio
fan

, the vertical component of the initial
velocity of projection. Determine also the horizontal component of the initial
velocity of projection.

A particle is projected from a point with speed 25 ms~! at an angle « to the

: 7 . . . :
horizontal where tan o = 55 Find the magnitude and direction of the velocity

of the particle two seconds after projection.

At a particular instant a particle P is projected from a point O with horizontal

and upward components of velocity 3nu and Snu, respectively, where n and u

are positive constants. At the same instant a second particle Q 1s projected from

a point whose co-ordinates referred to O are (164, 17a), where the x-axis is

horizontal and the y-axis is vertically upwards.

The initial x and y components of the velocity of Q are — 4u and 3u,

respectively.

Find the horizontal and vertical components of the displacements from O of P

and @ at time ¢ after projection and find the value of » such that the particles

collide.

A particle is projected from a point O with speed u at an angle « above the

horizontal.

(1) Write down expressions for the horizontal and vertical displacements of the
particle from O at time { after projection,

(i) deduce that the particle first hits the horizontal plane through O at a
2u? sino coso.

distance ~————— from O,
g
(iii) show that the greatest height reached by the particle above the level of O is
u?sin® a
2g

A particle P is projected from a point O with speed f12ga  at the angle which

gives maximum range on the horizontal plane through O. Find the tangent of
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the angle between the velocity of P and the horizontal at time \/ %z_ after
g

projection.
A particle Q is projected with speed \/12ga from a point 4 on the horizontal

floor of a room with a horizontal ceiling at a height i; above the floor. Find,

assuming that ¢ must not hit the ceiling, the maximum value of the distance
from 4 of the point at which (O first hits the floor.

(a)

Diagram (a) shows a simplified schematic diagram of a model of the action of
a long jumper. The points O and O' denote the positions of the centre of
gravity of the jumper at the start and the end of the jump, respectively. In this
model it 1s assumed that the points O and ' are on the same horizontal level
and that the only force acting on the jumper during the jump is the force due to
gravity. The jumper is taken to be a particle occupying the position of his
centre of gravity and projected at time ¢ = 0 s with speed V at an angle o to
the horizontal. The horizontal and vertical components of the displacement
from O at time ¢ are denoted by x and y respectively. Write down expressions
forx and y at time ¢ and hence show that
v o= px-gx’,
where p and g are constants which should be found in terms of ¥, g and «.

(b

Diagram (b) shows a more realistic model where it is assumed that the centre of
gravity of the jumper drops a vertical distance of 0.3 m between take-off and
landing. In one particular instance the values of « and ¥ (which you do not
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need to find) are such that the above equation, with x and y measured in metres,

becomes
2,
X — —X .

9

Find the difference between the horizontal displacement of the centre of gravity

y:

[FSRNN

between take-off and landing calculated using this second model and that
calculated using the first model.

A golf ball is at rest at a point 4 on horizontal ground. Some distance away is a
tree, 17.5 m high. The golf ball is struck so that the horizontal and vertical

components of its initial velocity are 24.5 ms ' and 28 ms™' respectively. The
golf ball just clears the top of the tree when it is on the downward part of its
flight. Find
(a) the time taken by the ball to reach the top of the tree,

(b) the distance of the base of the tree from A4,
(c) the distance of the base of the tree from the point where the ball strikes the
ground.

A particle P is projected with speed 49 ms ™' at an angle o to the horizontal from
O. Find x and y, its horizontal and vertical displacements, respectively, at time
t s after projection. Hence show that for x = 140

y =140 tan o. — 40 sec’ o.
The particle just clears a wall 20 m high at a distance of 140 m from the point
of projection. Find, by using the result sec® oo =1+ tan’ o, the two values of
tan o for which this is possible.

A point O is vertically above a fixed point 4 of a horizontal plane and a particle

P is projected from O with speed 5V at an angle o above the horizontal, where
2

from 4. Show that

3 . . .
cos o =7, It hits the plane at a point B at a distance

4
2

the height of O above 4 is and find the distance of P from O when it is

g

directly level with it.

A second particle is now projected with speed 243 from O at an angle o above
the horizontal and it also hits the plane at B. Find an equation involving ¥, W, g
and o. Given that one value of o is 45 find ¥ in terms of W and show that the
other value of a is such that

7tan’ o —6tanc —1 = 0.

A particle is projected from a point O on a horizontal plane with speed » n a
direction making an angle o above the horizontal. At a subsequent time ¢, the
horizontal and vertical displacements of the particle from O are denoted by x
and y, respectively, and it is moving in a direction inclined at an angle } above

the horizontal, with the upward vertical component of its velocity being v.
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(a) Show, from the equations of motion, that

. . 2y
(1) v+usino ==,
14

(i) x(tan oo + tan B) = 2y.

(b) When moving at an angle of 45° above the horizontal, the particle just clears
a wall of height 3 m and at a perpendicular distance of 2 m from Q. The
wall 1s perpendicular to the plane of motion of the particle. Subsequently,
when moving at an angle of 45° below the horizontal, the particle just clears
a second identical and parallel wall. Find

(1) tan o,

(i1) the distance between the walls,
(111) the range on the horizontal plane through O,
(iv) the maximum height reached above the plane.
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Chapter 5

Vectors

After working through this chapter you should

e know what is meant by a vector,

e be familiar with the representation of a vector in terms of its cartesian components,

e be able to use the cartesian representation to find the magnitude of a vector and to
add and subtract vectors,

e be able to calculate the scalar product of two vectors,

e be able to differentiate and integrate a vector in cartesian component form with
respect to a parameter.

The aim in this Chapter is to give the basic principles underlying the use of vectors so

that these can be applied to various arcas of Mechanics.

Essentially, this Chapter contains the Pure Mathematics necessary to use vectors in

the remainder of the Mechanics course.

5.1 Vectors and scalars

Scalars

A scalar is a quantity which is represented only by one number, generally its
magnitude. Most of the quantities that you have met so far such as mass, speed and

distance are scalars.

Vectors

A vector is a quantity which has both magnitude and direction. The simplest example
of a vector is the distance and direction of a point B from another point 4.

This is called the displacement of 8 from 4 and extends the idea of displacement as
defined in Chapter 1 of M1 to more than one dimension. The displacement of one
point from another is sometimes given in a direct form such as saying that a point B is

5 km North of another point 4, as shown in the left-hand diagram below.

C

t

10 km

k-

P

A 10 km
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Alternatively, the displacement can be given less directly by, for example, saying a
plane travels 10 km East from 4, then turns and travels 10 km North to the point C as
shown in the right-hand diagram on the previous page. In this case the displacement
of C from Ais v10° +10° =14.1 km on a bearing of 45°.

A line joining two points with the sense being defined from one point to the other is
called a directed line segment. Any vector can be fully represented by a directed line
segment since this has magnitude, its length, and direction, the sense in which the line
is travelling. The notation A% is used to describe the line segment joining 4 to B in
the sense from 4 to B. Equivalently, the line segment joining 4 to B 1n the sense from
A to B is said to define the vector AB. Similarly Bj 1s used to describe the line
segment joining 4 to B in the sense from B to 4.

A vector 15 not generally fixed in space and the three parallel and equal line segments
> - =
AB, CD , EF in the diagram all represent the same vector.

A/B/HC/DE/FI,,}.,..J

-3 >
The other two line segments GH and IJ , which are of the same length as the other
line segments, do not represent the same vector as they have different directions.

You have already met in your course, forces, which are vectors, in that they have both

magnitude and direction.

Vector notation

There are essentially two different notations for vectors and the notation that you will
use in writing vectors is not usually the one that is convenient to use in books.

The displacement of B from 4 is often written, using the above notation for a line
segment, as A—§ The length of the displacement, a scalar, is written as | A—E I or
sometimes just as 48. Quite often a single letter is used to denote a vector and it is
shown in print in bold, i.e. dark type, as @. The magnitude, or modulus, of a vector is
ascalar and is written as | a | or a.

{n writing it is difficult to show darker letters and so a vector is shown by under]inigg
¢.g. a, or by using a wavy underline, e.g. a, or by writing an arrow above it, ¢.g. a .

The magnitude of a vector is shown by writing | a |, | @ |, | @ | or @. Whatever

notation you use, it is extremely important in anything that you write that you should

show clearly the difference between a vector and a scalar.
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Position vector

In many problems most measurements are referred to some origin 0. The
displacement 51)’, is referred to as the position vector of P relative to O and is often
denoted by r, and its magnitude is ». The vector A_é can be interpreted as the positon

vector of B relative to 4.

5.2 Properties of vectors
Magnitude of a vector
The magnitude of a vector is the length of the line segment representing it.

Equal vectors

Two vectors are defined to be equal if they are of the same magnitude and act in the
same direction. The vectors represented in the diagram above by the two parallel and
equal line segments A_g and C—'IB are equal. Equivalently, the line segments are two

representations of the same vector.

Negative vectors
The vector —a is in the opposite direction to the vector a but of the same magnitude.

This is shown in the diagram and you have met this idea with forces. Similarly
—> -
B4 =-4B.

Multiplication by a scalar and vectors in the same and opposite directions

The vector m a, where m 1s a positive scalar, is a vector in the same direction as a but
of magnitude m @ or m | @ |. The vector m a, where m is a negative scalar, is a vector
in the opposite direction to a4 but of magnitude | m|a or|m||al

It is particularly important when you come to write expressions like m a to show
clearly, by underlining, which is the vector. If you don't do this you will have
expressions like ma and have a scalar when you should have a vector.

Vectors which are i the same, or opposite directions, are said to be parallel.

The vectors a, 2a and ~2a are shown in the diagram.

/ 2a —2a
a
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Unit vectors
A unit vector is one of unit magnitude. The unut vector in the direction of the vector a

is found by dividing a4 by its magnitude and is therefore g. Alternatively if » denotes

the unit vector in the direction of a vector @ then g = ar or, equivalently, | a | n.

Addition and subtraction of vectors
The law of addition of vectors is the same as the combination of displacements. If you

travel from A to B and then from B to C you will have been displaced from 4 to C.

C

The sum of the displacements A_B% and B—(>l’ is the displacement X()f That is
4B +BC = AC.

Therefore if A—E represents the vector a4 and B—C>' represents the vector b then A—E'
represents the vector @ + b, This is the triangle law which you have already met for
forces. The sum a + b 1s sometimes referred to, as for forces, as the resultant of @
and b.

This definition can be extended to show how several vectors can be added together, a
pair of vectors 1s added together, then a further vector can be added ete. The left hand

diagram shows the sum @ + & + ¢ of the three vectors a, b and ¢.

The order in which the vectors are added does not matter as can be seen from the right
hand diagram.
It is important to realise that, before assuming that physical quantities like force can
be added using the triangle law, it is necessary to verify experimentally that this is the
case. Subtraction is defined by

b—a = b+ (-a).
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o

In the diagram the position vectors of 4 and B are 4 and b, respectively, and therefore
—>
the vector — a can be represented by AQ. Therefore b — 4 is represented by
-> > —>
AO + OB = AB
—>

ie. AB = b-a.
This could have been found also from the triangle law which shows that
- > >
OA +4B = OB
_9
1.€. at+AB = b,

and moving « to the right hand side gives A—§
It is important to notice that vectors can be moved across equals signs, provided the
sign 1s changed, just like scalars.
Also vectors obey the normal algebraic rules like scalars i.e.
patqga ={p+qgla, patqa + rb+sh =(p+qglat+(rt+s)b,
1.c. in adding vectors you can add the coefficients of the vectors exactly the same as in

normal algebra.

Representing vectors
It is possible to write any two dimensional vector ¢ as the sum of any two non parallel

.9
vectors. This can be seen from the following diagram where ¢ is represented by OC.

b C

a
o b

If a line 1s drawn from O in the direction of the vector 4 and one drawn from C in the
direction of the vector b then the lines will intersect at . Also, by the definition of

law then shows that ¢ = pa + gb. The vectors pa and gh are called component vectors
of e. Their magnitudes, i.e. the lengths OD and DC, are called the components of ¢ in
the direction of the vectors 4 and b respectively.

This representation, when & and b are perpendicular to each other, is the basis for the

use of cartesian components described in section 5.3.
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Example 5.1
The diagram shows two points 4 and B with position vectors a and b, and C is the mid

- —>
point of AB. Find in terms of @ and b the vectors AC and OC.

C B

o

From the definition of multiplication by a scalar

=2 1= 1
AC = §AB = E(b—af).

The addition law gives
—> - > 1 1
OC = 04+ AC = af+§(b—a) = §(b+a).

Example 5.2.
The vectors p and ¢ are defined by p = 2a + 3b, ¢ = 4a + 5b. Express, in terms of 4

and b, (a) p+ 3q,(b)2p — ¢, (c)the vector c suchthat3p +t ¢ +¢ = a.

(a) Substituting for p and ¢ in p + 3¢ gives
p+3qg = 2a+3b+3(da+ 5b)
2a+3b+ 12a+ 15bh = 14a + 18b.

(b) Similarly

2p—q = 2(2a +3b)— (4a + Sb) = b.
(c) Substituting for p and ¢ in 3p + ¢ + ¢ gives
3ptg+te = 3Qa+3b)+(da+5Sh)y+c =10a+ 14b + c.
Equating this to @ gives
10a+1db+c¢c = a,
so that ¢ =-9q - 14b.

Example 5.3
In the diagram the vector 4 is of length 2 and makes an acute angle of 45° with the

dotted line shown and the vector & 1s of length 3 and makes an acute angle of 60° with
the dotted line. Find the magnitude and direction of 2a + 3.
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—> —>
In the following diagram OA represents the vector 2a and is therefore of length 4, AB
represents the vector 35 and is therefore of length 9. The angle OAB is 165°.

%
OB represents 2a + 3b and applying the cosine rule to triangle OAB gives
OB? = 4* +97 —2x4x9x cos 165°,

and therefore 0B =1291.
Applying the sine rule to triangle OA4B gives
sin BOA _ sinl659
9 OB

giving angle BOA4 = 10.4°. Therefore 2a + 3b is of magnitude 12.91 at an angle of
55.4° to the dotted line.
This is not really the quickest way of finding 2« + 35 and the alternative method using

components and described in the following section is more efficient.

Exercises 5.1

1
B C
N
. A
0 M
In the square OACB the midpoint of OA4 is M and the midpoint of OB is N. The
—> —>
vectors OA and OB are denoted by a and b, respectively. Express in terms of a
—> —> —> —> —> —>
and b (a) OM, (b) NO, (c) AB, (d) AC, (e) BA, (f) MN.
2
D d C
E
A B
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1
In the parallelogram ABCD, E is the point on AD where AE = EAD and £ is the

. 1 —> -
point on DCwhere DF = gDC. The vectors 4B and AD are denoted by a and b,
respectively.

—> —> — —3 —
Express in terms of ¢ and & (a) DF, (b) AC, (¢) 4AF, (d) CF, (e) EF.

E D

A4 B

> ~3

In the regular hexagon ABCDEF the vectors 4B and BC are denoted by a and b,
—> 3 —>

respectively, Show that CD = b — a and express (a) DE, (b) E_F}’ , (c) FA in terms

1
of @ and b. The points P and Q lie on BC and FE, respectively, with BP = 1 BC

1
and FQ = gFE,

Express P_é in terms of & and b.

4  The vectors p and ¢ are defined by p = 4a + 6b, g = 2a — 5b.
Express, in terms of @ and b, (a) 2p + 44, (b)3p — 4y,
{c) the vector ¢ such that 2p + 5¢ + ¢ = 2a + 5b.

b

In the diagram the vector & is of length 3 and makes an acute angle of 20° with
the dotted line shown and the vector b is of length 4 and makes an acute angle of
40° with the dotted line.

Find the magnitude and direction of (a) a + b, (b) 3a + 4b.

5.3 Vectors in two dimensions

The basic ideas involved with vectors are the same in two and three dimensions but,
in order to get used to them, it is better to start with the slightly simpler case of two
dimensions.
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Cartesian compounents (or resolutes)
J

3j km I
i

0
4ikm 4

The diagram shows the final position of a man M who has travelled 4 km east from a
point O to a point 4 and then travelled 3 km directly north from 4. His final
displacement is the vector sum of his displacements east and north i.e.
OM = 04+ AM.

Unit vectors i and j can be chosen so that i points to the east and j points north.
Perpendicular unit vectors like these are generally called cartesian unit vectors.
Then OA= OA i =4 i km and AM = AM j =3 j km and

OM = (OAi+AMj) = (4i + 3j)km.
This alternative form of the displacement is called its cartesian component form and it
is the most useful form for a vector. The lengths of OA and AM, 1.e. the numbers 4
and 3, are the cartesian components (or resolutes), in metres, of the displacement in
the direction of i and j respectively. The adjective cartesian will, for brevity,
normally be omitted in subsequent work.,
Any two dimensional vector can be expressed in the form ¢ i = ¢ j, the coefficients ¢
and d of i and j, respectively, are called the components in the i and j directions,
respectively.

The components are not always positive. This can be seen from the diagram

M/ TN
3jkm "[
i
A O
—4dikm

which shows the position M' of the man after travelling west a distance of 4 km to the
point A" and then 3 km North from 4'. In this case
—> — >
OM'= OA'+ A'M’,
.%
however O4' is in the opposite direction to i and therefore
—> —
OA4’'=-4ikmand A'M' = 3 jkm so that
>
OM' = (-4i +3j)km,

showing the possibility of a negative component.
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The length OM, i.e. the magnitude of the vector O_)M is, by Pythagoras' Theorem,
5 km. This is the square root of the sums of the squares of the components and is the
definition of the magnitude of a vector in cartesian component form.

The i, j notation is the one generally used in mechanics but an entirely equivalent
representation is possible using column vectors when

—> 4 —> -4
OM = {3} km, and OM ' = (SWRm.
7

Components of a position vector

yjl

v
=t

O x A i

In the diagram i and j denote unit vectors along the Ox and Oy axes. The
pcrpendlcular from the pomt P(x, y) to Ihe X ax1s intersects it at the pomt A.
Therefore OA xi, AP =yj,and OP OA + AP xityj. Also OP the position
vector of the point P is usually denoted by r so that

r=xity],

and [ri=r=qx" +y° .

Example 54
Find the position vectors of the points with cartesian coordinates (4, 6) and (-4, 3).

The components of the position vectors are the coordinates and therefore the required
vectors are 4i + 6] and —4i + 3j and have magnitudes /52 and J25 = 5,

respectively.

The following summarises the properties of a vector when expressed i cartesian

componernt form.

Equality of vectors
Vectors are equal if and only 1f all their components are equal.
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Example 5.5
Given that the vectorsa= (4 —x)i+6jand b=71i+ (5 —y)jare equal, find x and y.

It is given that
a =(@-0)i+6j=b=7i+5-»ij
the vectors can only be equal if their components are equal i.c.
4d—x =17, 6 =5~y

therefore x = -3 and y = 1.

Negative vectors
If a =cit+djthen-a =-ci-dj,

i.e. the signs of both components are changed.

Multiplication by a scalar
Ifa=citdjthenma = mci+mdj,

1.e. both components are multiplied by m.

Addition and subtraction of vectors
The sum or difference of one or more vectors is the vector whose components are the

sums or differences of the corresponding components of the two vectors.

Example 5.6

The vectors p and ¢ are given by p = 2i + 8j, ¢ = 5i — 3j. Find, in cartesian
component form, (a) p -+ ¢, (b} 2p +4q, (¢) 3p —24.

(a) prqg =2i+8j+ 5i-3j = 7i+5j.

(by 2p+4q 2(2i + 8jy + 4(51 - 3]) = 24i+4j.

() 3p-2¢ 3(2i +8j) — 2(5i - 3j) = —4i +30j.

I

Zero vector
This is the vector with zero components and is denoted usually by . The rule for the
subtraction of two vectors shows that

a-a = 0.

Vector joining two points

If @ and b are the position vectors of two points 4 and B then it was shown on page 86
that A% = b —a. The components of @ and b are the coordinates of the corresponding
points. Therefore the rule for subtraction shows that the components of the vector

Joining two points are the differences in the corresponding coordinates of the points.
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Example 5.7
_)
Find the vector PO where the coordinates of P and @ are (2, 1) and (5, -3)

respectively.

The position vectors p and g of P and Q are p = 2i + j and ¢ = 5i — 3},
_9
Also PQ =¢g-p =5i-3j-Qi+})=3i—-4j.

Magnitude of a vector
The magnitude of the vector ¢ i + d j is \/ ¢2 +d 2 ie. the magnitude is the square

root of the sum of the squares of the components.

Example 5.8
Find the magnitudes of the vectors (a) 3i +4j, (b) 7i — 11j,

The magnitude of a vector is the square root of the sum of the squares of the
components. Therefore for (a) the magnitude is 3 +4° = 5 and for (b) the

magnitude is

V7P +(=11) =13.04.

Example 5.9
Find the vector in the direction of the vector 5i + 12j and of magnitude 104.

The required vector 18 &(5i + 12j), where k 1s a constant. The magnitude of the vector
is k57 +12° =13k=104so that £ =8 giving the required vector as 40i + 96j.

Unit vectors
citdj

The unit vector in the direction of the vectora = ci + dj is

Example 5.10
Find the unit vectors in the direction of the vectors (a) 3i — 4j, and (b) 4i + 7.

{a) The unit vector is found by dividing the vector by its magnitude.
The magnitude is v3° +4° =35

. .31 -4
and therefore the unit vector is L

= 0.6i-0.8j.

4 7
and the unit vector is J‘*\/E'L
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Conversion to cartesian component form

ju B

L 4
s

4 C

In the above diagram A_I; represents the vector ¢ and lines AC and CB are drawn
parallel to the cartesian unit vectors i and j. The vectors A_E’ and C_'Ei' are therefore
AC i and CB J, respectively, and the law of vector addition gives A% =A4C i+ CBj.
The cartesian component (i.e. resolute) of A_l; in the direction of i is therefore AC,
which is equal to 4B cos 6, where 8 is the angle between A% and i. Similarly the
cartesian component (i.e. resolute) of A_g in the direction of j is therefore BC, which
is equal to 4B sin 0.

There is a current practice that the adjective cartesian is usually dropped and the
component {i.e. resolute) of a vector in any direction is defined to be the product of
the magnitude of the vector and the cosine of the angle between the vector and the
chosen direction. You have already met this with forces in M1. This definition is
obviously not valid when the component directions are not perpendicular. Therefore
if the word component is used then, unless there is evidence to the contrary, it should
be interpreted as the cartesian component or resolute.

In calculating the component form you have to be careful, as in Statics, to pick the
correct angle and take its cosine correctly. You could also resolve a vector first into
two positive components along the lines containing i and j and then adjust the signs.

It is often helpful when doing theoretical work with vectors to label the components
so that it is immediately obvious which is the i component and which is the j
component.  Since these unit vectors are usually taken to be parallel to the x and y

axes, respectively, one method of identifying the components is to use a suffix
notation i.e. the i and j components of the vector a are denoted by ay and ay,

respectively, so that @ = ay i + ay . This notation will be used from now on. Another

notation which is sometimes used is a numerical one with the i and j components of
the vector a being denoted by ¢ and «, respectively.

Conversion from component form

. . -
If a vector a is represented by 04 then the above argument shows that the
components a . and « are given by

a, =0Acos 0, a,=0Asinb
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Squaring and adding gives

You can then find cos 6 (sin 0) and the signs of ¢ and a, will tell you in which

quadrant the vector lies and you can then find 6.

Example 8.11 (This is effectively Example 5.3 repeated)

In the diagram the vector 4 is of length 2 and makes an acute angle of 45° with the
unit vector i and the vector b is of length 3 and makes an acute angle of 60° with j.
Convert the vectors 4 and b to cartesian component form and find the cartesion

component form of 2a + 3. Find also the magnitude and direction of 2a + 35.

The components of @ in the direction of i and j are 2 cos45° and 2 sin45°
respectively.

Therefore a = V2 i + +/2 j-

The components of b in the direction of i and j are 3 cos 60° and 3 sin 60°
respectively.

3. 303

Therefore b= —i-+ 3 i
2 2

Therefore 2a + 3 b =2(~/2 i +\/§j)+3(§ i +§‘zﬁj) =733i+10.62].

L, 10.62

The magnitude of the vector is 12.91 and it makes an angle tan T =55.4° with 1.

These are the same results as obtained in Example 3.3.

Exercises 5.2

1 Find x and y in each of the following cases
(a)whena=(5~-x)i+3j,b=9%+{@d~-yjanda=b
(bywhena= @3 -x)i+4j,b=2i+(7-y)jand a=2b,
{(c)whena=((~x~ wi+ (3 -x)j,b=4i+ (6-y)j and 2a =-b.

2 Given that g = 2i + 8], b = -3i + 5j, ¢ = 51— 3j lind (a) 2a + 3b, (b} 5b - 2a,
(c)a+4b+c¢ (d)ya-3b+2c

3 Find the position vectors of the following pomnts P (1,4), O (3, -2), R (-4,3),
S (2, -6).
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4 Find, for the points in the previous exercise, P_é, RTS'> , }%’) , Q_}>€, P—R) .

5 Find the magnitudes of the following vectors and the unit vectors along them.
(a) 51+ 12j, (b) 2i — 7j, (c) —3i+6j, (d) —4i - 6.

6 In the following, d denotes the magnitude of a vector and 6 denotes the angle it
makes with the positive x axis (i.e. the umit vector f). Find the cartesian
component form of each vector.
(a)d=4,8=60°(b)d=6,0=150°(c)d=10,6=200° (d)d=3,0=-40°

7 Find the magnitude and direction of the following vectors.

(a)3i+ 73, (b) 4i — 6j (c) — 21 + 5§, (d) — 8i — 4j.

8 Unit vectors i and j are defined to be East and North respectively. Give the
following displacements in cartesian component form (a) 50 km, bearing 060°,
(b) 80 km, bearing 120°, (¢) 100 km, bearing 225°, (d) 75 km, bearing 300°.

5.4 Vectors in three dimensions

So far you have only come across displacements which are all in the same plane (i.e.
the same flat surface) and therefore cannot be expressed in terms of two perpendicular
directions. Not all displacements can be expressed in this way, for example, the
position of a moving object, such as an aircraft, will not stay for long in the same

plane. It is therefore necessary to extend the idea of components to three dimensions.

k

You can imagine how to do this by trying to see how to fix the position of apoint ina
room, with vertical walls and a horizontal floor. Any point on the floor is determined
by its distances from two adjacent walls. If unit vectors i and j are taken along two

adjacent edges, then the displacement O_é of the point Q which is at a distance of 2 m
from one wall and 3 m from the adjacent wall is (2i + 3j) m. In order to determine the
displacement of the point P a distance of 4m directly above Q, a third unit vector k

vertically upwards has to be introduced as shown in the diagram. The unit vectors i, j

and k are therefore parallel to the edges of the floor and up the wall at the corner O.
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_)
The displacement QP is therefore 4 k m and applying the law of vector addition to
the triangle OQP gives
—> - —
OoP = 0@ + QP
—p
ie. OP = (2i +3j+4Kk)m.

Il

This is the representation of the displacement vector in cartesian component form and,
in general, any vector has such a representation.
It follows from Pythagoras' Theorem that

OP? = 0Q* +PQ* =2° +37 +4°

so that the magnitude is the square root of the sum of the squares of the components.

—
The displacement OF is given in the column vector notation by
L2
OP =3\ m .
4

The umt vectors i, j and k are mutually perpendicular vectors (i.e. each one of them is
perpendicular to the other two, this can be seen from the above diagram for a comer
of a room. The three directions can also be visualised by putting out your thumb and
two adjacent figures on the right hand so that each one is perpendicular to the other

two as shown in the diagram.

The first finger is in the direction of i, the second finger is in the direction of j and the
thumb is in the direction of k. The particular directions shown in the diagram have
the additional property that they are what is called right handed. This means that if
you imagine a rotation of a screw in the sense from i to j then it will move in the

direction of k.
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Components of position vector

g

4
o ¥i B

In the diagram three mutually perpendicular axes Ox, Oy and Oz are shown. These
are like the three intersecting lines at the corner of a room. The perpendicular
displacement of the point P from the plane containing Oy and Oz is denoted by x and
this plane is called the plane x = 0. Similarly the perpendicular displacements of the
point P from the plane containing Ox and Oz and the plane containing Ox and Oy are
denoted by y and z, respectively, with the planes being referred to as the planes y =0
and z = 0 respectively. These three numbers are the cartesian co-ordinates of P and
determine it uniquely. In the above example of a point inaroom x =2, y=3 and z =
4, The umt vectors i, j and k are defined to be along the axes Ox Oy and Oz
respectively. The displacement OP is the sum of the displacements OA AB and BP

shown in the diagram. Also
—> — —>
OA = xi, AB = yj and BP = z k.

Therefore, r, the position vector of the point P, is given by
r=xit+yj+zk
Since the unit vectors i, j and k are generally taken along the axes Ox, Oy and Oz the
suffix notation introduced earlier is often used to denote the components in these
directions 1.e. a vector a is often written as
a =axit ayj t azk,
a,
or, in column vector notation, as a = | a ,
a,
The same basic rules for vectors hold in three dimensions as in two dimensions i.e.

(1) Vectors are equal if, and only if, all their components are equal.
(i) If a = axitayjtazk then —a = —axi-ayj—azk
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(1ii) The sum (difference) of one or more vectors is the vector whose components are
the sums (differences) of the corresponding components.

(iv} The components of the vector joining two points is the difference in the co-
ordinates of the points.

{v) Multiplying a vector by a scalar means that each component is multiplied by the

scalar.

{(vi) The magnitude of avectora = axi+ayj+azkis \/axz + avz + azz .

aita,jtak

(vi1) The unit vector in the direction of & is

\/axz +ay2 +a’

Problems involving three dimensional vectors in cartesian form can be handled
exactly as those in two dimensions, the only difference being that there are now three

components to consider!

Example 5.12
Given that the vectorsa=(2 ~x)i +4j+8kandb=7i +(5-y)j+4z k are equal,
find x, y and z.

Since the vectors are equal their components are also equal and therefore
2—-x=7,4=5-y8 = 4z

solving these gives x=-5,y=1, z=2.

Example 5.13
Find the position vectors of the points with cartesian co-ordinates (3, 1, 5) and

(=5,2, 3).

The components of the position vectors are the co-ordinates and therefore the required
vectors are 3i + j + Sk and - 5i + 2j + 3k.

Example 5.14
The vectors p and ¢ are given by p = 3i+ 5j + 2k, g = 5i - 3j + 7k. Find

(2)2p +q,(b) p+3q,(c) 3p—2¢.

(@) 2p+q = 23i+Sj+2K) +5i-3j+ 7k = 11i+7j+ 11k
(b) p + 3¢ = (3i+5j+2Kk)+3(5i—3j+ 7k) =18i - 4j + 23k.
(c)3p—2q = 3(3i+5)+2k)-2(5i-3j +7k) = —i+21j-8k.
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Example 5.15
Find the magnitudes of the vectors (a) 2i — j + 2k, (b) 4i—2j + 9k.

The magnitude of a vector is the square root of the sum of the squares of the

the magnitude is \/ 47 +(=2)? +9% =10.04.

Example 5.16
%
Find the vector PQ where the co-ordinates of P and O are (4, 1, 6) and (5, -9, 3)

respectively.

The position vectors p and g of Pand Qarep = 4i+j+ 6k and ¢ = 5i—9j + 3k.
-9
Also PQ = g—p =5i—-9j+3k—-(4i +j +6k)=i-10j-3k.

Example 5.17
Find the unit vectors in the direction of the vectors (a) 2i + j — 2k and (b) 5i — 3j + 7k.

{(a) The unit vector is found by dividing the vector by its magnitude. The magnitude
2i+j-2Kk

is \/ 22 41% + (-2)®> =3 and therefore the unit vector is

(b) In this case the magnitude of the vector is \/ 52+ (—3)2 +7% = /83 and the unit
5i-3j+7k

J83

vector 18

Exercises 5.3

1 Find x, y and z in each of the following cases
(a) whena=(7-x)i+4j+3k,b=9i+(4d-y)j+(2—-z)kanda=>h,
(b) whenag={@+x)i+11j+5k, b=3i+(8§-y)j+(7+2z)kanda=2b,
() whena=9-x— i+ 2-x}j+2-22)k.b=06i+(5—-y}j+ (8 -5z)

and 2a = —b.

2 Giventhat a= 3i+ 5§+ 3k, b=-3i+5j+2k, ¢ = 4i—6j - 3k, find
(a)3a -+ 3b, (b)db-3a, (¢)2a+5b+e, (d) a-2b+3c

3 Find the position vectors of the following points P(2, 3, 6), 0(4, -3, 8},
R(-5,4,-2), §(=2,6,-7).

. o i ] —> > > > >

4 Find, for the points in the previous question, PQ, RS, PS, QR, PR.

5 Find the magnitudes of the following vectors and the unit vectors along them.
(a) 4i—2j+ 4k, (b) 5i+2j+ 6k, {c}4i+ 6j -3k
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5.5 Scalar product of two dimensional vectors
Multiplication of vectors is rather complicated and there are two different products of
two vectors. One product is the scalar product which is covered in your course, the
other is the vector product which is not covered. The idea of the scalar product of
two vectors 1s a very important one, particularly in Mechanics. Though the definition
is the same for both two and three dimensional vectors, the algebra is slightly easier in
two dimensions and it is therefore easier to look at this case first.
The scalar product of two vectors @ and b is a scalar (i.e. a number) which is written
as a . b and defined to be ab cos 6, where 0 1s the angle between a and b. It 1s very
important to always include the dot and underline the vectors, otherwise you could
read it as ab which is not the same. In a . a, i.e. the scalar product of a with itself, the
angle 0 is zero and, since cos 0 =1, a.a=a’. Therefore the magnitude of a vector
is the square root of its scalar product with itself. Applying this to the unit vectors i
and j gives

i.i =1,j.j=1
The angle between the unit vectors i and j is 90° and therefore, since cos 90° = 0,

i.j=0=j.i

Properties of the scalar product
(1) a.b = b.a,the definition 1s the same for both @ . b and b . a, so they are equal.
(1) a.(b+c) =a.b + a.c -thedistributive law.
A proof of the distributive law in two dimensions is given in section 5.7.
The distrnibutive law also implies that

(a+d). (b+tc) =a.b+a.c+d.b+d.c,
i.e. the scalar product of a sum of vectors is the sum of the separate scalar products.
This can be applied to the vectors @ = ay i+ ay j and b = by i + by j so that
a.b=(axitay)) (bxitbyj)= axby i.i tay by j.j+taybxj.i+axby i.j.
The above results for the scalar products of the unit vectors simplifies this result to

a.b = ax by + ayby,

i.e the scalar product is the sum of the products of the corresponding components.
The expression for the scalar product in terms of components gives a quick way of

finding the angle between two vectors, or lines.

Example 5.18
Find the angle between the vectors 4i + 6j and 7i — 3j.

The scalar product of the vectors 154 x 7 -6 x 3 =10.
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The magnitudes of the vectors are V4> +6” and +/7° + 37 , therefore the definition of

the scalar product shows that the scalar product of the two vectors is also

Va2 + 67 x V77 +3% x cos O where 0 is the angle between the vectors.
Therefore V4 +67 x 77 +3° xcos® =10 and 6 = 79.5°.

Using the method in the above example it is possible to get the following formula for
the cosine of the angle between two vectorsa =ay i +ayjand b =by i+ by j.
ab tab,

2 2 2 I
\/ax +a, \/b“, +b},

It is not really worth trying to remember this formula as it is easier to carry out the

cos g =

calculations directly as in Example 5.18.

Distance between two points (i.e. | b —a )
The scalar product can be used to find the distance between two points 4 and B, with
position vectors a and b respectively. The vector A} is equal to b — a and the distance
between the points, i.e. the magnitude of A—B:: is denoted by | b —a|. Also

AB® = AB. AB = (b-a). (b - a).
This can be expanded using the distributive law so that

AB* = b-al|* =a* +b" ~2a.b.

This is actually the cosine rule as you can see by using a4 . b = ab cos 6.

Test for perpendicular vectors

The two vectors a and & will be perpendicular.if cos 6 =0, i.e.
a.b = axbx + ayby = 0.

Construction of perpendicular vectors

The condition for two vectors to be perpendicular is satisfied if by = ay and by = — ay.
There are other possibilities but this gives the basic rule (only for two dimensional
vectors) that a vector perpendicular to a given vector can be found by interchanging
the components and changing the sign of one of them, e.g a vector perpendicular to
Si-+11f is 11i - 5j.

Components (or resolute) of a vector

The component {or resolute) of a vector a in the direction of the unit vector # is, as
stated earlier, defined to be a cos 8 where 8 is the angle between a and n. Since n 1s
of unit magnitude, a cos 6 = a . n. This gives a simple useful method of finding the
component of a vector in a given direction, i.e. the component of 4 in the direction of

the unit vectorn isa . n.
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Example 5.19
Find the resolute, in the direction of the vector 3i + 4j, of the vector 7i + 6j.

The first step is to find the unit vector in the required direction. The magnitude of

Y
3i+ 4 1s 5 and the unit vector is therefore 3i+d) . The required resolute is therefore
3 4
7 x 5+t 6 % 5 = 9.

Resolved part of a vector

The resolved part of a vector in a given direction is defined to be that part of the
vector parallel to the given direction. For example, if @ = ax i + ay j then ay i1s the
resolved part of a4 in the direction i. The resolved part is therefore the resolute in a
given direction multiplying the unit vector in that direction.

The resolved part of 7i + 6 in the direction of the vector 3i + 4j is, from Example

5.19,
" 3i+4j  _ 27i+36j
5 5
The remainder of 7i + 6j (1.e. the resolved part perpendicular to 3i + 4j) 1s therefore
. . 27i+36j 8i—06j
7i +6j— = .
5 5

For a general unit vector s, the resolved part of a in the direction of the vector n is

9

(a. m)n and therefore the part of a perpendicular to n is @ — (a. n)n.

Exercises 5.4

1 Find the scalar products of the following pairs of vectors {a) 7i + 6j and 3i + 2j,
(b) 2i — 6j and 5i — 6}, (¢)~3i+4jandi—2}, (d)-2i~-5jand 4i- 3j.

2 Find the angles between the following pairs of vectors (a) 2i + 5j and i + 6j,
(b) 3i — 5j and 4i ~ 7j, (¢) — i + 5j and 2i — 5§, {d) ~3i — 4j and 2i + 9j.
Obtain vectors perpendicular to (a) 4i +7j, (b) 91— 11j.

4 Find the angle between the line joining the points (1, 4) and (3, 2) and the line
joining the points (5, 3) and (2, §).

5  Find the angle between  and b in the following cases (a)a=2,b=4, a. b =3,
Ma=4,b=2, a. b=-4
Giventhata=1,b =6,a.b=5find|a—-bland|a+ b
Find (a) the component of 4 in the direction of the vector b, {b) the resolved part

of a in the direction of the vector b, (c) the resolved part of a in a direction

(bya=12i—-15),b=12i+5].
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5.6 Scalar product in three dimensions
The only difference between the scalar product in two dimensions and in three
dimensions is that the vectors have three perpendicular components. The definition is
exactly the same and the three unit vectors i, j, and k have now to satisty
ivi=1j§.j=1 k. k=1,
i.j=0=j.,i.k=0=k.i,j.k=0=k.j
The distributive law is still satistied and applying itto @ =ay i+ ayj +az k and
b=byi+byj+ bzKk, and using the equations satisfied by i, j, and k gives
a.b = axby + ay by + az bz,
The expression for the scalar product is slightly longer but is still the sum of the

products of the corresponding components.

Angle between a vector and the axes
If O is the angle between the vector 3i + 4j + 12k and the unit vector i then, since the
unit vector has unit magnitude, i.(3i + 4j + 12k) = 3> +4” +12° cos 6 so that

3 L ) .
cos = 13 and 6 = 76.7°. The cosine is therefore the ratio of the corresponding

component to the magnitude of the vector and you would find a similar result if you
tried to find the angles between the vector and the other two unit vectors.
The general result is that the cosines of the angles between the vector
a=ayi+ayjtazk and the unit vectors i, j, and K are, respectively,

a ay az

i3

2 ’ 2 2
\/a_\.' +a),2 +azz J(zxz +a},2 +a,” \/axz +a, +a:2

The only idea in two dimensions which does not carry over into three dimensions 1s
the construction of perpendicular vectors. The condition to be satisfied is
{lxbx + Ci}; b}; + az bz = O,

but it is not possible to give a simple solution for this.

Example 5.20
Find the angle between the vectors 2i + 4j + 3k and 3i — 2j + k.

The scalar product of the vectors is 2 x 3 +4 x (=2) +3x 1 =1,

The magnitudes of the vectors are v 2% 447 432 =429 and v 3%+ 22 117 =414,

Therefore, if O is the angle between the vectors, \/2_85 X \/ﬁ x cos 6 = 1 so that
6 =87.2°
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Example 5.21

Find

(a) the component of 4i + 7j — 2k in the direction of the vector 2i — j + 2k,
(b) the resolved part of 4i + 7] — 2k in the direction of the vector 2i — j + 2k,
(c) the resolved part of 4i + 7§ — 2k perpendicular to the vector 2i — j + 2k.

(a) The magnitude of 2i — j + 2k 18 v 22 +1%2 +2% =3, the unit vector in the

o ., . =2i+j-2Kk .
direction of the vector 2i — j + 2k is therefore ———>——— and the required
. 2 -1 2
component or resolute 18 4 x §+ 7 % 5 2 x 3= —-1.
(b) The resolved part is the product of the unit vector and the component in its
L. =2+ -2k
direction 1.e. —

(c) The resolved part perpendicular to 2i — j -+ 2k is found by subtracting the result of
o0

(b) from 4i + 7j — 2k, this gives 1 20i =4k

You can check that the scalar product of this with 2i — j — 2k vanishes so that the

vectors are perpendicular,

5.7 Proof of distributive law for scalar product

The vectors a, b, and ¢, are assumed to be coplanar and, in the diagran,

0-34 =g, O—>B =p, I;E' = ¢, and therefore b + ¢ = O—E' Perpendiculars BL and CAM are
drawn from B and Cto O4, the line BD is drawn through B parallel to a and CN is the
perpendicular from C to BD. The angles between OA4 and OB and between BD and
BC are denoted by 8 and ¢, respectively.
ab = ubcosB=a 0L ac=accos$=a BN =a LM,

a. (b+¢) = aOCcos COM= a OM.
Since  OM = OL+ LM this gives

ab+ac = aOL+alM = aOM = a(b+c).
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The proof for three dimensional vectors requires some use of ideas from three

dimensional geometry and will not be given.

Exercises 5.5

1 Find the scalar products of the following pairs of vectors
(a)2i+4j-3kandi+6j—4k, (b) 3i—j+6k and i-2j- 3k,

(c) 8i+5j—3k and i+j—-k, (d) 3i—2j+35k and 2i+j -2k

2 Determine which of the following pairs of vectors are perpendicular to each other
and find the angles between those pairs that are not perpendicular to each other,
(a)2i+4j—2kand i+6j+ 13k, (b)2i—4j+3kand i-3j-2k,
(c)4i+7j-3kand i+2j—k, (d)3i—4j+5kand i+2j+k.

3 Find the angle between the line joining the points (1, 4, 6) and (3, 2, 1) and the line
joining the points (5, 3, 5} and (2, 8, 4).

4 Giventhata® =6,b> =2,a.b =2, find | 2a+3b|, |3a-2b]|

5 Given that a = 5i — 3j — 4k, and b =i+ 2j — 2k, find the scalar p such that pa + b is
perpendicular to a.

6 Giventhata =5i+j~3 k, and b =i+ 3j — 5k, show that the vectors a + & and
a - b are perpendicular to each other.

7 Find (a) the resolute of @ in the direction of the vector b, (b) the resolved part of a
in the direction of the vector b, (c) the resolved part of @ in a direction
perpendicular to the vector b, for the cases
(a) a =5i1+6j+3Kk,b=2i+j+2Kk,

(b) a =3i+7j—2k b=3i+4j+12k.

5.8 Differentiation and integration of vectors
The components of a vector, and therefore the vector, can vary with time.
For example in the diagram the point P is describing a circle about the point O.

P P

Although the length OP stays the same, the direction of O_I:3 varies and therefore the
vector (}})3 varies with time. The derivative of a vector with respect to time
effectively measures the rate of change of the vector with respect to time and is itself
a vector. Tt is possible to define the derivative of a vector as a limit, roughly as in
your P1 course, but this is rather more general than is needed in Mechanics where it is
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sufficient to give a simple definition of the derivative in component form, where the
unit vectors are assumed not to vary with time. A vector can change with respect to
any parameter and the basic definition 1s the same whatever the parameter.

The idea of differentiating and integrating vectors is very important in kinematics and
dynamics and the basic definitions given in this section will be used in sections 7.2
and 7.3.

Differentiation

In this definition it 1s assumned that the umt vectors i, j and k do not depend on ¢,

. . da : :
The derivative & of a vector @ with respect to ¢ 1s the vector whose components are

the derivatives with respect to ¢ of the components of @, 1.e. if @ =ayi+apjtazj

then
éﬁ B dax . dav . daz
& g, VT A it ar R

If a vector is constant then all its components are constant, their derivatives are

therefore zero and therefore the derivative of a constant vector is the zero vector.

Integration
In this definition it is assumed that the unit vectors i, j and k do not depend on ¢.

The integral J—a dr of a vector a is the vector whose components are the integrals of
the components of a, i.e. if @ =axi+ayj+azjthen

fade = [a dri+ [a,dej+ [a.dk

When a vector is integrated, a constant vector of integration has to be introduced

i

where, for scalars, a constant of integration is introduced.

Rules for differentiation and integration
~d(a+b) _da  db
O =5 & " a

dima)  da dm

(11) v My Ty

d(ma) dm

(ii1) For a constant TR TE 1.e. the derivative of a scalar multiplying a constant

vector is the product of the constant vector and the derivative of the scalar.

.. d(a.b)y _db da
(1v) ST Ay +b'dt'
. _ . dla.a) _ da
{v) For a= b rule (iv) becomes - 2a. TR
2
- d
Also a. @ = a? and therefore d@’) 2a. ___da )
dr d
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From this last result it follows that for any vector a of constant magnitude, and

d(a®)
dr

is then zero.

. : . da |
therefore any unit vector, @ 1s perpendicular to q; since

This means that when, as in the diagram, a point P, with position vector r relative to

d o
0, describes a circle centre O, a:— will be perpendicular to the radius i.e. along the

tangent, though its sense may be opposite to that shown.

(vi) j(a+b)dz = jadz + jbdf.

(vii) If @ 1s a constant vector then jmadf =4a fmdz, i.e. the integral of the product of
a scalar and a constant vector is the integral of the scalar multiplied by the constant
vector.

You can check all of these by applying the definition of the derivative and integral to

both sides of the equations.

Example 5.22

. d § o
Find ‘f and _d_%z_ for(a)a=¢" i+4costj, (b) a=cTi+ ¢’ j+4* k.
dr
da  de* | deost . o
(a)‘(§= ; i+4— j=2ti—-4sintj,

2 dt dsin{
_CLQ:—dE-:zgt—i—ll ds j:2i—'40052‘j.

de? de
(b)%zddi;tn% j+4CZ;k =—ei+3 jH8ek,
d%a d% det _d? . di
G AT a3 sk =ik
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Example 5.23
Given that & is a constant vector find the derivatives with respect to f of

(a)t’a, (b)t’a+cosra.

{(a) The components of & are not given and therefore rule (iii) above gives

dr’a dr?
e = — a = 2a.
dt dt
(b) In this case rule (1) for differentiating a sum of vectors has to be used first and then

followed by applying rule (iii) for differentiating the product of a scalar and a vector.

This gives
d(’atcosra) _ d(r'a) | dlcosta)
dt dt d
dr’ dcos 1 , ,
= —— g+ —a = 3t g~ sinta.
dr dr

Example 5.24
Find the integrals with respect to time of the vectors

(@)2ti+4sintj, (b) 2ei+j+31° k.

(a) The integral is found by integrating the components and including a constant
vector of integration. This gives 1* i~ 4 cost j+ b, where b is a constant vector.
(b) Integrating the components in this case gives —e¢ "i+rj+ ¢’ k+b, where bis a

constant vector.

Example 5.25
Given that a is a constant vector, find the integral with respect to 1 of

(a) a, (b) 3t a.

{a) Rule (vii) above gives the integral as 7 a + b, where b 1s a constant vector.

(b) Rule (vi) above gives the integral as * a + b, where b is a constant vector.

Example 5.26

. dr .
Given that ?d% =2ti+sintj+e Tk, and that » = 2i + 3j + 4k, when ¢ = 0, find r.

The first step is integrating %to find  for time ¢. This givesr=¢> i—cos’j-e 7k
+ b, where b is a constant vector. Substituting the value of » given for ¢ = 0 shows
that
2i+3j+4k = —j—-k+b.
Solving this gives b= 2i + 4j + Sk and so
r =1t i-costj-e k+2i+4j+5k
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Exercises 5.6

., d
1 Fde‘:' and d—f for (a) a= 2ti+5t%§, (b) a=eli+2’],
dr
(c) a=costi+sin2rj, (d) a=t>i+tj+1t 'k, (&) a=costi+t* j+sin3rk,
() a=e* i+costj+Intk.
2 Given that a and b are constant vectors find the derivative with respect to 7 of
()% (byacosi+i b, (¢) elat2e™ b.
3 Given that » = cos ni « + sin nt b, where a and b are constant vectors and n is a
2,
constant, find the relationship between r and d : .
de”
4 Integrate the following expressions with respect to ¢, (a) 4¢” i +6¢° j,
(b) 2e* i +¢7j, (c) 2cos2ti+sintj, (d) 3¢°i+2rj+4t° Kk,
(e) 2costi+5t* j+dsintk, (f)2e” i+4cosdtj+2tk
5 Evaluate (a) j(u#i +15)dr,  (b) j(szsi +41j+8£°K)dt .
-1 -1
. dr 6 a2 C e
6 Find r when (a) P 7t7 i+ 37 jandr=4i+6jfort=1,
d ) . -
(b) g =3¢% i+2rj+4r kand r=6i+7j+ 8k forr =1,
2
7 Find an expression for r when = a, where a is a constant vector.
de=
Miscellanegus Exercises 5
1
D G
&
5 F
2m
3m
vi¢ ¥ C
o
Im
B
A

O as origin and the unit vectors i, j and k in the directions 04, OC and 0D,
respectively, express in terms of i, j and k the vectors (a) O—;’ and (b) A_é By
considering an appropriate scalar product, find the acute angle between the
diagonals OF and AG.
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The vectors 4, b and ¢ are given by
a=i+2j+k b=i+j+2k c = j+k
A fourth vector is given by d= 3i + 6j + Sk.
Find the values of &, B and y so that d = aa + Bb + ve.
The coordinates of three points P, Q and R are (9, 2, —4), (3, 1, =4y and (2, 7, 6)
respectively. Find the vectors I;é and Q_1>{ and show that they are perpendicular to
each other.
Vectors p, g and r are such that |p+¢q| = |p-3q| = 12p—¢q]|.

2

Find the ratio p and the angle between the vectors p and g.

T —> '
The vectors 04, OB and OC are given by

—;

04 = —2i+3j-7k,

_}

OB = i+ 7j+ 5k,

_9

OC = 4i+3j+k.

_9 ” B v - %
Show that 4B = 3i + 4j +12k and obtain a similar expression for AC.
- S > >
Calculate | AB | and | AC | and the scalar product 4B . AC and show that
Y
cos BAC = 65
The points 4, B, C and D have position vectors i — 2j + 5k, i + 3}, 10i + j + 2Kk,
—2i + 4j + Sk respectively. The points £ and Q lie on 4B and CD, respectively,
and AP = AB, CQ = n(CD, where & and p are constants. Show that
%
OP = i+(5h—2)j+5(1 - LK,
—>
and find a similar expression for OQ.
Given that PQ is perpendicular to both AB and CD, obtain a pair of simultancous
equations for A and . By s_)olving these show that
PO = i+2j+2k.

The vectors a, b and ¢ are defined bya=1i-2j+ Kk, b =2i+j—~ K, ¢ = pa + ¢b,

where p and ¢ are constants.

Given that ¢ is perpendicular to g, find g

Find the resolved parts of the vector 2i — j + 3k along and perpendicular to the
vector 3i+ 2j — 2k.

Given the vectors a = 3i+ 2j, b= 2i + mj, find the values of m so that

{(a) a and b are perpendicular to each other,

(b} a and b are parallel,

{c) the acute angle between a and b is —Z-

The position vectors of 4 and B with respect to a fixed origin are i + 2j + k and
9
5i-2j+3k. Find 4B and the cosines of the angles between 4B and the

coordinate axes.

111



11
12

Vectors

Find a unit vector perpendicular to both 4i + 4f — 7Tk and 2i + 2j + k.
The position vectors of the four points 4, B, C and D are j + 2k, —i —j, 4i + k and

3i+j + 2k respectively. Show that the triangle ABC is right-angled and that the
triangle ABD is isosceles.
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Chapter 6

Applications of vectors

After working through this chapter vou should

@

be able to find, in component form, the resultant of forces acting at a point,

be able to find the work done by constant forces in two and three dimensions,

be able to determine the velocity and acceleration of a particle in two and three
dimensions,

be able to solve intercept and shortest distance of approach problems,

understand the concepts of impulse, momentum, power, kinetic energy for general
motions and be able to calculate these quantities in particular cases,

be able to calculate the work done in a given time by a force whose components

are given in terms of time.

6.1 Statics

You have already met the use of vectors in Statics, though in a slightly disguised

form.

Resultant of forces acting at a point

The resultant of several forces acting at a point is the vector sum of the individual

forces ie. the components of the resultant are the sum of the corresponding

components of the individual forces. This is exactly the definition you used in

Chapter 2 of M1. The main difference now is that use of the unit vectors i, j and k

makes the problems easier to state and the calculations appear simpler.

Example 6.1
Find the resultant of

(a) the forces (4i + 3)) N, (Si-5j) N, (2i + 7j) N, acting at a point,
(b) the forces (2i + 4j + 6k) N, (9i - 3j+4Kk) N, (7i + 2j + 11K) N, acting at a point.

(a) The resultant is just the vector sumi 1.e.

(4i+3j+Si—5j+2i+7)N=(11i+5)N.

{b) Again the resultant is just the vector sum i.e.
(2i+4j+6k+9i—-3j+4k+7i+2j+11k)N = (18i+3j+ 21k) N.
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Example 6.2
Find the possible values of p such that the resultant of the three forces

Qi+ 5§+ 3K N, (pi—2j+7k)N, (3i+ 7j+ 5k) N acting at a point has magnitude

389 N.

The resultant is
i+ 5 +3k+pi -2+ Tk +3i+7j+SKkIN= ((p+5)i+ 10j+ 15k) N.
Therefore, squaring and adding the components gives,
(p+5)2+102 +152= 389.
This gives p + 5 =+ § and therefore p=-13 or 3.

Equilibrium of coplanar forces acting at a point

A system of forces acting at a point is in equilibrium if the vector sum is zero i.e. the
components of the resultant in three perpendicular directions are zero. The only
equilibrium problems you will come across in your course will involve coplanar
forces. In this case the components of the resultant in two different directions are zero
and this is the condition you used in Chapter 2 of M1. The use of the unit vectors i
and j will not really help you with the type of equilibrium problems in section 2.2 of
M1 but you are now able to solve equilibrium problems which are set using the unit

vectors, such as the following.

Example 6.3
The system of forces QI+ SN, (7i+ QD N, (Pi+ 4y N, (3i+ §j) N acting at a
point are in equilibrium. Find P and Q.

The first step 1s to find the resultant, this 1s
Qi+5j+Ti+Qj+Pi+4j+3i+8)N = ((12+P)i+(17+0)j) N.

For equilibrium this has to vanish, so P=-12, 0 =-17.

Example 6.4
A system of forces consisting of the following three forces

(4i+20]+ 13K N, (8i—9)—3k) N, (4i +6j + 18k) N acts at a point.
Find the additional force that has to be included in order that the four forces are in

equilibrium.
For equilibrium the sum of the four forces has to be zero. The sum (i.¢. the resultant)

of the three given forces is (161 + 17f + 28k) N. In order that the resultant of the four
forces is zero, then the fourth force must be —{16i + 17j + 28Kk) N.
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Work done by a constant force
You already know from section 2.1 that the work done by a constant force F when its
point of application is moved a distance d is F'd cos 0, where 0 is the angle between F
and the direction in which the force is moved. You can use the definition of the scalar
product to give the work done as a scalar product. If the point of application of the
force is displaced along the vector 4, then Fd cos 6 = F.d and so

Work done = F d.

This can be used to find the work done by a force in both two and three dimensions.

Example 6.5
Find the work done by (a) the force (3i — 8j) N when the displacement of its point of

application is (2i + 6j) m, (b) the force (7i + 6j —3k) N when the displacement of its
point of application is (4i + 8j — 3k) m.

(a) The work doneis 3 x 2+ (-8)x 6 ) J=-42].
(b) The work doneis (7 x4+ 6x 8+ (=3)x (-3 ))J =851]

Example 6.6
The force (4i + 8 j — 5 k) N acts on a particle P, find the work done as P moves from

the point {5, 2, 4) m to the point (3, 4, 7) m.

The first step is to find the displacement of P. It is initially at the point with position
vector (5i + 2j + 4k) m and moves to the point with position vector (3i + 4j + 7k) m.
The displacement is therefore
((Gi+4j+7k)—(5i+2j+4k)) m = (-2i+ 2j + 3k) m.
The work done is therefore
(dx(-2)+8x2+(-5)yx3)) = -7

Exercises 6.1
1 Forces PN, O N and R N act on a particle. Find, in terms of the unit vectors i, j
and Kk, the resultant of these force for the following cases
() P=1+3j,0 =4i—-2}, R =11i- 16}.
(b)y P=71-3],0 =3i+0j, R =5i-3j.
¢y P=2i-7j+0k Q =31+ 14} -2k, R = 4i—j+ ok
(dYP = 1i+4j-3Kk, Q0 =6i+6j— 12k, R =3i+j+ %k
2 The forces (4i + 8j) N and (5i + 4j) N act at a point. Show that their resultant is of

magnitude 15 N and find the angle between the forces.

I
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Show that the resultant of the forces (3i + 6j — 3k) N and (5i — 2j — 5k) N has
magnitude 12 N and find the angles between the forces and between each force
and the resultant.

The position vectors of two points 4 and B are (3i + 4j + 12k)m and (2i —j + 2kym.
A force of magnitude 65 N acts along (Zl and a force of magnitude 12 N acts
along 5}? Find the resultant of these forces.

A force of magnitude 15 N acting in the direction of the vector 3i + 4j is the
resultant of two forces acting in the directions of the vectors i + 2j and 2i + j.
Determine these forces.

A particle is in equilibrium under the action of the three forces PN, @ N and R N.
Find R, in terms of the unit vectors i, j, for the following cases

(a) P =61-2j, Q =3i-5j.

by P =—i-3j, Q =11i +4j.

(¢) P=2i+4j, 0 =7i—§j.

(d)y P=—i-35), Q =-2i+11j.

The displacement of a particle acted on by a force ¥ N is d m. Find the work done
by the force in this displacement when

(a) F=2i +5j,d = 4i-2j.

(b) F=09i-6j,d = 4i-5j.

(c) F=3i—-4j+2k, d=i+4j-k.

A particle moves under the action of a force F N from the point with position
vector a m to the point with position vector b m. Find the work done when

(a) F=4di+2j,a=3i—-4j,b=06i-8j.

(b) F=06i~-2j,a=>5i-06jb=12i-4j.

(d) F=2i+j— 5k, a=3i+4j -2k, b=2i+5j+k.

The force acting on a particle is such that

(a) when the displacement of the particle is (31 -+ 4j) m the work done by the force
is =51,

(b) when the displacement of the particle is (7i — 8j) m the work done by the force
1s 75 1. Find the force.

6.2 Kinematics

Vectors are particularly useful for describing motion in more than one dimension and

use of vector notation gives a direct way of generalising the one dimensional

kinematics that you met in M1, Chapter 4.
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Velocity, speed and aceeleration
The position of a particle is determined by its position vector r relative to a fixed
origin and for a moving particle, » will vary with time. The velocity v of a point with

position vector r is defined by

dr
YR
ds

S . dr dy dz
1.e. 1t 1s the vector whose cartesian components are @ 'a)? and ar - For two

dimensional motion (i.e. z = constant) this reduces to the definition you met in section
4.1.

Similarly the acceleration a of a point with position vector r is defined by

dv  d%r
a=— = —,
dr dr
. . d*x dzy d*z
and the cartesian components of acceleration are —— — ——,
T TR T

The speed of a particle is the magnitude of its velocity 1.e. speed = v {or| v |} and

\2 , 2 \2
speed = (ix_ +{Q—] +(d—z— .
dt} dt dr

If the position vector is known, then the velocity and acceleration can be found by

differentiation as described in section 3.8. Also the velocity can be found by
integrating the acceleration. The integration will involve an arbitrary constant which
can be found if the velocity is known for one value of 1. Similarly the position vector
can be found by integrating the velocity. The integration will again involve an
arbitrary constant which can be found if the position vector is known for one value of
t. This is just generalising to two and three dimensions the methods that you used in
section 4.5 of M1.

Example 6.7
Find the velocity, speed and acceleration of a particle given that at time ¢ s

@r=@ri+6rPm,dyr=_Ccos2ti+3sin2fj—2tk)m.

(a) Differentiating » gives v = (8¢ i +18¢° j) ms™'and squaring and adding the
components shows that the speed is V64r% +324r% ms ™.

Differentiating v gives @ = (8 § + 36/ j) ms 2,

(b) Differentiating r gives v = (-6 sin 27 i + 6 cos 2¢ j — 2k) ms ™' and squaring and
adding the components shows that the speed is

V36sin? 2t +36cos> 2t +4 ms™ =~f40ms '

Differentiating v gives @ = (=12 sin 2/ i~ 12 cos 2¢ j) ms .
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Example 6.8
Find the velocity and position vector, given that

(@a=(12ti+803 jhms™, and thatat =0, v=Gi+ 7)) ms”, r=2i+ 11j) m,
(b)ya=(6i+7¢j+costk)yms™,and thatat=0,v=(>i+4j+ 3k) ms ',
=Gi+j-2k)m.

", where b is a

{(a) Integrating the acceleration gives v = (62 i + 204 i+ b)ms”
constant vector. Substituting the values at ¢ = 0 gives 3i + 7j = b so that

v = (67 +3)i+ 20t + D) ms™.
Integrating again gives

r =((3t> +30i+ (42° + 7)j + ¢) m, where ¢ is a constant vector.
Substituting the values at £ =0 gives 2i + 11j =¢ so that

ro=(G7 +3t+2)i+ @ + 7+ 1)) m.
(b) Integrating the acceleration gives v=(6¢ti—7eZj+sin tk+b)ms™", where b is a
constant vector. Substituting the values at 7 = 0 gives

i+4j+3k = —7j+b sothath = i+ 11j+ 3k and

(6t + )i+ (11 =7e hHj+ B +sin k) ms .

i

v
Integrating again gives
r= (3t +0i+ Q1+ 7eHj+ B3t —cos Hk + ) m,
where ¢ is a constant vector. Substituting the values at z =0 gives
Ji+j—-2k =7j—k+c sothat ¢ =3i—6j -k and
Fo= (37 +1+3)i+(11t-6+7eh)j+ (3t~ 1 ~cos )k) m.
An alternative to introducing the constant vectors would have been to integrate each

time from 7= 0 to r=¢. You should try to re-do the example by doing this.

Interception and shortest distance problems

There are many problems of a practical type involving determining the shortest
distance apart of two moving bodies (e.g. aircraft) or whether they intercept each
other. In order to do this the displacement of the bodies from each other and the least
magnitude of this, or the condition for interception, can be found. The displacement
can be obtained from the position vectors of the bodies. These may cither be given or
the velocity or acceleration given. The position vector can then be found by
integration as above. The problems that can be most easily tackled are those when the

bodies are moving with constant velocity. If a particle has a constant velocity V then
dr

de
and integrating gives r = V¢ + b where b 1s a constant vector. If the particle has
position vector a for ¢t = 0 it follows that b = a so that ¥ = V¢ + a.
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Example 6.9
At time 7 = 0 two particles 4 and B have position vectors (5i + 3j) mand (i + ) m

respectively. The velocities of A and B are (6i + 4j) ms™ and (8i + 5j) ms™'
respectively. Show that the particles will collide.

The first step 1s to find the position vectors r, m and rz m of the particles at time ¢ s.
These are, from the above result that ¥ = V¢ + a,
rg = S5i+ 3j+H6i+4)), = i+j + t(8i+5§).
Subtracting these gives
A_E = — 40— 2§ + 121 + ).

For interception, both components have to vanish and this occurs for ¢ = 2.

Example 6.10
At time ¢ = 0, two particles 4 and B have position vectors (3i + 6k) m and

(2i + aj + 2k) m respectively. The velocities of 4 and B are (3j + 7k) ms ™' and
(bi + 6j + 11k) ms™' respectively. Find the values of @ and b so that the particles

collide.

The position vectors r, m and rz m of the particles at time ¢ s are given,

Subtracting these gives
._}
AB = —i + aj — 4k + #(bi + 3j + 4K),
= (bt - Di+(a +30)j + 4(r - Dk.

and the j and i components are then 3 + @ and b —~ 1. Collision therefore occurs for
b=1anda =-3.

Example 6.11
At time ¢ = 0 two particles 4 and B have position vectors (11i + 7j) m and (3i + 5)) m

respectively. The velocities of 4 and B are (2i + 3j) ms™ and (5i + 7j) ms™
respectively. Determine when the particles will be nearest to each other and find their

shortest distance apart.

The position vectors r4 m and rp m of the particles at time ¢ s are
rg =1H+7)+02i+3f),  rp= 3i+ 5] +1(5i+7j).
Subtracting these gives
%
AB

Il

— Bi— 2j -+ #(3i + 4)),
(3-8 + (41 - 2)j.
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Therefore 4B, the square of their distance apart, is given by

AB* = (3t—-8)" +(41-2)".
The minimum value of this has now to be found. This can be done by usc of calculus
or by expanding out and completing the square. Use of caleulus involves slightly less

algebra and it is not necessary to expand out before differentiating.

d4B?

= 63— 8) + 8(4t—2) =50 — 64 =0,

Therefore = 1.28 and the shortest distance apart is 5.2 m.
It is not necessary to check that you have a minimum value since 4B° tends to
infinity with both negative and positive ¢, therefore plotted against ¢ it would be a

parabola with its vertex downwards and therefore the stationary point is a minimun.

Example 6.12
The position vectors at time 7 = 0 of two particles 4 and B are (5i + 7j + 6k) m and

(3i + 2j + 3k) m respectively. The velocities of 4 and B are (i + 2j + 4k) ms™
(3i+4j+ 7k) ms ™' respectively. Find the value of 7 when the particles are nearest to

and

each other and their shortest distance of approach.

The position vectors ¥, m and rg m of the particles at time ¢ s are given by
ry = Si+7j+6k+ (i + 2 +4k),
rp = 3i+2j+ 3K+ 3i+4j+7k).
Subtracting these gives
A% = —2i—5j =3k +#(2i+2j + 3k)
= (2t =2+ (2t 3)j+ (Bt -3)k.
Therefore 482, the square of their distance apart, is given by
ABY = (20— 20+ (2= 52+ (3t - 32
Differentiating gives

2
B 42t~ 2)+ 421 — 5) + 6(3¢ — 3) = 34t — 46 =0.

Therefore ¢ = 1.35 and the shortest distance of approach 15 2.62 m.

Resultant velocity

There are some circumstances where the motion of a particle 1s the result of two or
more independent causes. One example is rain falling down. In this case the motion
of the rain drop can be viewed as the superposition of a falling motion and a motion
due to the wind. There will be a velocity from each cause and the actual, i.e. resultant,
velocity will be the vector sum of the individual velocities. Another example is an
aircraft which sets off on a particular course with a given velocity. If there is a wind,

the actual velocity of the aircraft is the resultant of the velocity on its sel course and
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the wind velocity. It will therefore drift well off course and a pilot normally adjusts
the set course to take the effect of the wind into account,

Example 6.13

A river, 40 m wide, flows from west to east with speed 4 ms ™

. A motor boat seeking
to cross the river from the southern bank moves with speed 6 ms ™' in still water. The
boat is steered perpendicular to the banks so that its actual velocity is the resultant of
the velocity of the river and a velocity of 6 ms™! directly across the river. Find how

far down river the boat lands.

i

[

.___yz

s 4ms!

The situation is shown in the diagram, where i denotes the unit vector from west to
east and j denotes the unit vector from south to north. The velocity of 6 ms ™' directly

across is 6j ms ™.

The velocity of the boat is therefore the resultant of 6j ms ' and
4i ms™ and is (4i + 6j) ms™'. At time ¢ s after leaving the starting point, the
displacement of the boat from the starting point is (4i + 6j)¢ m. The boat will have

reached the opposite bank when the j component of the displacement 1s 40 m and

i .40
therefore the time taken to cross is —6-— $=6.67s.

The distance down river of the landing place is the i component of the displacement
and is therefore 4 x 6.67 m =26.7 m.

Example 6.14
An aircraft sets off to fly directly east with speed 400 kmh ™

destination 1600 km away in 4 hours. There is a wind of 75 kmh ~' blowing from the

' 30 as to reach a

south east.

(a) If the pilot does not adjust the course, determine the distance of the aircraft from
its destination after 4 hours flying.

(b) Determine the course that the pilot would have to set so as to fly directly to the

initial destination and the flight time.
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> i

400 km h™!

(a) In this question there are no unit vectors given and the first step is to choose
appropriate ones. The diagram shows unit vectors i and j to the east and north
respectively. The velocity of the aircraft on its set course to the east is 400 ikmh .
The wind velocity is 75(-cos 45°i + sin 45°j) kmh "'. The resultant velocity of the
aircraft is therefore ((400 — 75 cos 45°)i + 75 sin 45°j) kmh™. In four hours its
displacement from its original position will therefore be 4 x ((400 — 75 cos 45°) + 75
sin 45°j) km. The displacement of the destination from the starting point is 1600i km
and therefore the displacement of the aircraft from its destination is

{4 x ((400 — 75 cos 45°)i + 75 sin 45°j ) — 1600i} km = 300(- cos 45°i + sin 45°j)
km. The magnitude of this is approximately 424 km.

(b)

75 km h™!

400 km h!
45°

In this case the set course of the aircraft is unknown and It is assumed, as in the
diagram, to be at an angle O north of east. Since there is a component of the wind to
the north it would appear that the aircraft will be blown further off course. However
8 does not have to be positive and in fact turns out to be negative. A negative sign
could therefore be avoided by using common sense and assuming that the set course
would be to the south of east! The velocity of the aircraft on its set course is therefore

400(cos i+ sin O j)kmh™.
The resultant velocity is therefore

((400 cos O — 75 cos 45°) i+ (400sin 6 + 75 cos 45°) j ) kmh " .

The resultant velocity has to be to the east and therefore

400sin 8 +75cos 45°= 0,
giving 8 = -7.6°, with the negative sign anticipated. Substituting for 8 gives the
resultant velocity as 343 kmh ™' to the east and the flight time is therefore 4.66 hours.
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Exercises 6.2

1 The position vector at time ¢ s of a moving particle is ¥ m. Find the acceleration of

10

11

12

the particle for the cases (a) r=7t" i+4¢° j,(b) r=4deTi+2e”],
()r=ti-8 j+ 14’k (d)r = e* i—8el j+ 14 cos t k.

The velocity of a particle at time 7 s is (6171 + 10f j) ms ™' and it is at the point O
when ¢ =0. Find its displacement from O when = 3.

2

The acceleration of a particle at time ¢ s is (5:*i — 83 j) ms™ and its velocity is
(6i— 5j) ms ' when ¢= 1. Find the velocity of the particle when ¢ =2,

At =0 a particle P is at rest at the point with position vector (31 + 4j — 3k} m
relative to a fixed point O. The acceleration of the particle is (2¢i +12¢° j ~16¢°k)
ms ™. Find the distance of the particle from O when ¢ =1.

The acceleration of a particle at time ¢ 5 is (2i + 4¢ j — 6¢7 k) ms * and its velocity
is (3i+5j+2k) ms ' when{=1. Find the speed of the particle when ¢ = 2.

' and at time

At time ¢ s a particle is moving with velocity (2i + 6j — 4t k) ms”~
¢ = 0 it is at the point with position vector (i — 3j + 2k) m. Find the distance
between the positions of the particle at =1 and ¢ = 2.

At noon the position vectors, relative to a fixed point, of two boats 4 and B are
(9001 + 600j) m and {600i + 810j) m respectively, where i and j are unit vectors to
the north and east respectively. The velocity of boat 4 is (12i + 16j) ms ™ whilst
that of boat B is (15i + 10j) ms™' . Find (a) the vector A—g’ at time ¢ s after noon,
(b) the time when the two boats are nearest to sach other and their shortest
distance apart.

A destroyer sights a ship at a point with position vector 600(31 + j) m relative to it
and moving with velocity 5j ms ™. The destroyer alters course so that it moves
with speed v ms 'in the direction of the vector 4i + 3j. Find v so that the
destroyer intercepts the ship and the time to interception.

The velocities of two particles 4 and B are (4i + 3j + 2k) ms™' and (2i - j + 4k)
ms™ respectively. At a particular instant the position vector of B relative to 4 is
(8i+ 16j — 8k) m. Show that the particles will collide.

The velocities of two aircraft 4 and B are (210i — 50j) kmh ™ and

(150i + 250§ + 60k) kmh™" respectively. At a particular instant the position
vectors of 4 and B relative to a control tower are (101 + 20j + Sk} km and

{(—20i ~10j + 3k) km.

Find the vector AB at time ¢ hours later and the time taken until the aircrafts are
closest together.

An aircraft flies due south at 280kmh ' in a crosswind blowing west at 25kmh ™.
Find the resultant velocity of the aircraft.

A boat is sailing at a speed of 2 ms™' due west in a current flowing north east at a

1

rate of 1 ms™ . Find the resultant velocity of the boat.
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13 A man, who can swim at a speed of 2 ms ' in still water, wants to swim straight
across to the other side of a river which is 20 m across. The river is flowing with
speed 1.25 ms™L. Find the angle to the bank at which he should swim and the

time he takes to cross.

6.3 Dynamics
Vector notation gives a compact way of stating Newton's second law (i.e. force =
mass x acceleration). The equation of motion, under the action of a force F, of a
particle of mass m 1is

d’r

m =

dr’ ’

where r denotes the position vector of the particle. If, for a moving particle, » can be
found by observation, then the acceleration can be found by differentiation and this
would enable the force producing the motion to be determined from the equation of
motion. Alternatively if the force is given, then the equation of motion could be used
to find r. If Fis given in terms of ¢ then r can be found by integration as in section
5.8. A particularly simple case of this is when the force (and therefore the

acceleration) is constant.

Motion under constant force
If F is constant, then the above equation can be integrated directly using rule (vii) of

section 5.8 and this gives

¥
~ = Fr+
ny, Ft+ec,

. o dr .
where ¢ is a constant vector. If the velocity (1.6.5 ) is equal to v at ¢+ = 0 then

substituting gives ¢ = mv. Integrating again gives

1
mr = 5Ft2+mvt + b,

where b is a constant vector. If the particle is at the point with position vector

R at =0 then substituting r = R and ¢t = 0 gives b = mR. Therefore r is given by

_F 2
r=5 t~ +vi+R.
m

This result can be applied to the motion of a particle under gravity where I = — mgj,
where j is the unit vector vertically upwards. If a particle is projected with speed V at
an angle o to the horizontal, then v=F cos o i+ V sin « j, where i is a horizontal unit

vector. Therefore for a particle projected from the origin (so that R = 0)

L . Co
r = —Egt“J+V(cosal +sin o j)t.
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Since r = x i+ y |, these are the equations that were previously obtained in section
5.2 The equations of motion can be integrated in a similar fashion whenever the force

1s dependent only on ¢.

Example 6.15
At time ¢ s the position vector of a moving particle of mass 0.3 kg is

(7¢t%i+3:*j+ 2 k) m. Find the force acting on the particle.

To find the force, it is necessary to find the acceleration. Differentiating the position

', and differentiating the

vector once gives the velocity as (1471 + 12¢°j + 6/ k) ms~
velocity gives the acceleration as (14i + 36¢° j + 12¢ k) ms . Multiplying this by 0.3

gives the force as (4.2i + 10.8¢” j+ 3.6: k) N.

Example 6.16
A particle of mass 0.25 kg moves under the action of a force which at time 7 s 1s given

by (3#i +2j+10°k) N. At ¢ = 0 the particle is at the point with position vector

1

(2i + 5j — 7k) m and moving with velocity (i — 4j + 3k) ms™ . Find the position

vector in terms of 1.

The equation of motion is

2

0.25 %-: i+ 25+ 1007 k,
%

where the position vector is denoted by r m, therefore

9T _ rit i+ 400 k
dr’
Integrating this gives % =6t i+8tj+10t" k+e,

. .. dr e
where ¢ is a constant vector. Substituting m = i—-4j+ 3k for =0 shows that
!

¢ =1-4j+3k
Integrating for a second time gives

Fo=200 04487 j+200 k+(i—-4j+ 3K+ b,
where b is a constant vector. Substituting ¢ = 0 into the expression for # and using the
given position vector at ¢ = 0 shows that b = 2i + 5j — 7k.

Example 6.17
The force acting on a particle at time 7 s is (36¢* i+ 120¢* j + 24k) N. The particle is
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If the mass of the particle is denoted by m kg, and 1ts position vector by r m, then

Newton's law gives
2

m ‘;;f: 3617 i+ 120" j+ 24k,
=

Integrating this equation gives
m L = 1207 i+ 2410 jt24rk+ b,

where b 1s a constant vector. Since the velocity is zero at £ = 0 1t follows that b = 0.
Integrating again gives
mr = 3t"i+4° j+ 1207k +c,

where ¢ is a constant vector. Since r=@ at 1 =0 it follows that ¢ = 0.

Therefore for 1 =1

1
ro= (it 4+ 12K).

Therefore
1 — T
Fo=T A3 +H4 4120 = 1B = 26,
n n

and therefore the mass of the particle is 0.5 kg.

Vector notation also enables the ideas of impulse, momentum, power and energy to be

generalised to two and three dimensional motion.

Momentum and impulse
The momentum of a particle of mass m is defined as the product of the mass and
velocity Le.

dr
Momentum =m v = md—.
!

Momentum is therefore a vector.
Impulse is also defined in essentially the same way as in one dimension as the integral
of a force. The impulse of a force F acting for time 7 is defined by

;

Impulse = J‘th .

0
Impulse is therefore also a vector.
If the force is constant, then the integral becomes F7 i.e. the impulse of a constant

force is the product of the force and the time for which it acts.
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Example 6.18
Find the impulse of (a) the force [(2¢1+ 5¢* j)] N acting for 0 << 1,

(b) the force (4i —3¢% j+ 6t k) N acting for 0 <7< 2.

1
{a) Impulse = J(Zri+5£4j)dt Ns= [(t2i+t5j)}§ig) Ns =(i+}) Ns.
0

(b) Impulse = j(4i —32j+6tk)dt Ns = (8i — 8j + 12k) Ns.
4]

Impulse momentum principle
Integrating
d’r
dr’

Il

it

F,

fromt=0 tot=1T gives

s 4 T
mﬂa —‘mgt} = det.
odey O de) L, ;

The left hand side is the change in momentum from ¢ = 0 to ¢ = 7 and the right hand
side 1s the impulse. Therefore the above definitions ensure that the impulse

momentum principle still holds for two and three dimensional motion.

Example 6.19

A particle of mass 0.3 kg, moving with velocity (2i + 8j) ms ™, is struck a sharp blow

1

which changes its velocity to (4i + 5j) ms™. Find the impulse applied during the

blow.

The impulse is equal to the change of momentum and is
0.3(4i+ 5j - 2i - 8j) Ns = (0.6i — 0.9j) Ni.

Example 6.20
An impulse {(6i + 5§ — 16k) Ns is applied to a particle of mass 0.25 kg moving with

velocity (2i — 4j + 7k) ms ™' . Find the velocity of the particle after the impulse has
been applied.

If the required velocity is denoted by v ms~! then the impulse momentum principle

gives

i

0.25(v — 2i +4j - 7k)

and therefore y

6i+5j — 16k
26i + 16j — 57k.

i
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Kinetic energy
Kinetic energy is defined, exactly as in one dimension, as one half the product of the
mass and the square of the speed. Therefore the kinetic energy of a particle of mass m

moving with velocity v is given by

. . 1 > * 1
Kinetic Energy = 5 mv" (l.e.Em [v]?).

Example 6.21
Find the kinetic energy of a particle of mass 0.2 kg moving with velocity

Qi+4j-7k)ms .

The kinetic energy is

1 2 2 2
2X02x (2% +47 + 7)1 = 691,

Example 6.22
Find the kinetic energy of a particle of mass 0.4 kg moving at time ¢ s with velocity

(dti+525-78k)ms™" -

The speed squared is the sum of the squares of the components and so kinetic energy

15

%x 0.4 (167 +25¢" +49:°)T = (3.2¢7 +5¢" +9.8:%) J.

Example 6.23
Find the kinetic energy of a particle of mass 0.8 kg whose position vector at time ¢ s is

(6ri+4rj—"7costk)ym.

The first step is to differentiate the position vector to find the velocity, this gives the
velocity to be (6i+ 8¢ j+ 7sin¢k)ms™

%x 0.8 (36 +64t> +49sin’ /)] = (14.4+25.6:* +19.6sin’ 1) ],

. The kinetic energy is therefore

Power
The generalisation of the definition of power is that the power developed by a force
when its point of application is moving with velocity v is given by

Power = F.v.
Power defined this way is still the rate of doing work. Defining work done in more
than one dimension needs more pure mathematics than will be covered in your course
and therefore you cannot verify that the definition does give power as the rate of

working.
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Since power is the rate of doing work, then mtegrating the power between two values

of 't will give the total work done in that time interval.

Example 6.24
At time ¢ s the position vector of a moving particle is (42 i+ 0.6t j — 0.25(£° ~1)k)

m. Find the power developed for £ = 4 by the force (10i — 20j — 20k) N acting on the
particle.

The velocity of the particle and therefore of the point of application of the force is
(4i+ 1.2t j— 0.75:> k) ms ' . The power is the scalar product of the velocity and the
force and is therefore (10 x4 — 20 x 1.2 + 15£2) W. This, for ¢ = 4, is equal to
184 W,

Example 6.25
Find the power developed by the force in Example 5.22.

The first step is calculating the force and this, in turn, means finding the acceleration.
Differentiating the velocity gives the acceleration to be (4i + 10 j —21¢° k) ms and
therefore the force is
04x@i+100j-212 KN = (1.6i+47j—-84rr k) N.
Therefore the power is
(1.6 x 4t + 4t x 5¢7 H=8.4¢7)x (=7t7) W= (6.4r +20t> +58.8°) W.

Work- energy principle
Newton's second law, for a particle of mass m moving with velocity v under the action

of a force F, is

dv
mys = F.
Taking the scalar product of both sides of this equation with v gives
dy
my. o= F.v

The rule for differentiating the scalar product shows that
Ve AN
d} l v.v) d l v’
N2 A2
" de dr e
Using this identity in the previous equation gives
/
dL—l— v? W
2

m el =y
ds
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This equation translated into words is

Rate of change of kinetic energy = power.

You can see that differentiating the kinetic energy in Example 5.22 gives the power
found in Example 5.25. Since power is the rate of doing work, W, the equation can

also be written as

dK.E) dw
e dr-

Integrating this equation between any two values of ¢ gives
Change in K.E. = Change in W = Work done.

This is one form of the work-energy principle.

Calculation of work done

Since the mathematics necessary for calculating work done directly is not in the
course an indirect method has to be used. There are two equivalent methods.

One method is to find the power and integrate it. The other is to use the form of the
work-energy principle above and find the change in kinetic energy. The first method
can always be applied, the second can only be applied to find the work done by the

total force acting on the particle.

Example 6.26
The velocity at time ¢ s of the point of application of the force (7i + 6z — 87 k) N is

(2ti+4j— 10t* k) ms~'. Find the work done by the force in the time interval

0<¢<1.

The power developed by the force is
(2tx7 +4x6t + (=107 yx (=87 ) W= (38 +80¢t*) W.

The work done in the time interval 1s therefore
I

j(38t +80rYydr I = 351,

4]
Example 6.27
A particle of mass 0.6 kg is moving with a velocity at time ¢ s of
(5t* i + 6¢j — 7k) ms~' . Find the work done in the interval 0 < ¢ < 1 by the force

acting on the particle.

Since the work done by the total force acting on the particle has to be found then this

can be done by using the change of kinetic energy.
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The kinetic energy is 0.3(25:4 + 3612 + 49) 3. The change in this from ¢t =0tos=11s
1831

If the work done is found using power, the acceleration and then the force have to be
found first. Differentiating the velocity shows that the acceleration is (10 + 6§)
ms > giving the force as (64 + 3.6j) N. The power is therefore (30t + 21.6¢) J.
Integrating this from ¢ = 0 to ¢ =1 gives 183 J.

Counservation of energy

The idea of potential energy for forces in two and three dimensions 18 a complicated
one and beyond the mathematics you have covered. It is still possible however to
define the potential energy due to gravity and that associated with a straight spring.

If the total energy is defined to be kinetic energy + potential energy due to gravity and
the force in a spring it is possible to show that

Change in total energy = Work done by all other forces.

Exercises 6.3
1 At time ¢ s the force acting on a particle of mass m kg is F N and at time 7 = T the
particle is moving with velocity ¥ ms ™' at the point with position vector R m.
Find the position vector of the particle at time ¢ s for
(@ m =04, F=e¢li+61 j,T=0,v = 3i+5j, R =2i+]j,
(by m =02, F=06ri+12¢j,T=1,v = 5i-6},R = i-7j,
(cym =05 F=i+4rj+8° k, T=0,v =3i-2j+4k R =5i—4j+3k,
(dm =1,F=3i-60) +20° k, T=1,v =3i-2j+4k R = i+6j-2k
2 Find the magnitude of the impulse that has to be applied to
(a) a particle of mass 0.2 kg to change its velocity from (5i + 6j) ms ™' to
9i+7j)ms™,
(b) a particle of mass 0.3 kg to change its velocity from (3i + 4j) ms ™
Gi+2)ms ,
(c) a particle of mass (0.4 kg to change its velocity from (2i + 4j + 3k) ms”~
(5i+6j+8k)yms™',
(d) a particle of mass 0.5 kg to change its velocity from (i + 8j + 4k) ms ™ to
(3i+5j-3k)yms".
3 Find the velocity immediately after the impulse is applied of

"to

'to

(a) a particle of mass 0.5 kg moving with a velocity of (3i + 8j) ms ™' immediately
before an impulse (3i + 8j) Ns is applied to it,
(b) a particle of mass 0.25 kg moving with a velocity of (2i + 5j + 3k) ms™'

immediately before an impulse (i + 5j + 2k) Ns is applied to it.
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A cricket ball of mass 0.15 kg, moving horizontally with speed 15 ms™, is struck
by a batsman so that it moves perpendicular to its original direction with speed
25 ms™". Find the magnitude and direction of the impulse applied by the batsman.
The velocity of a particle of mass m kg at time ¢ s is v ms ™. Find the kinetic
energy of the particle for (a) m= 02,v =2¢* i+ 71" j,

(b) m=0.4,v =6ri+8¢j, (c) m=08, v=5costi+3sintj+o6tk,

(d m=1, v=3ti+4e ' j+3tk

The velocity of a particle of mass m kg at time ¢ s is v ms~'. Find the power
developed by the force acting on the particle for (a) m = 0.4, v =i + 3t'j,
(b) m=0.6,v=4ti+6t"j, (¢) m=0.6, v=3cos2ti—5smn3¢tj+6tk,

(d) m=2, v=4ti+6e* j+3tk.

Find (a) the work done by the force in question 5 (a) in the interval 0 <r < 1,

(b) the work done by the force in question 5 (¢) in the interval 0 <t < .

Miscellaneous Exercises 6

1

2

A particle P of mass m kg moves in a plane such that its position vector ¥ m at
time ¢ s is given by
r= (@ -ti+rsinntj.
Find
(a) the momentum of P when ¢ =0,
(b) the kinetic energy of P when =1,
(c) the force acting on P when =1,
(d) the rate of working of the force acting on P when ¢ = 1.
An ice skater 4 moves on a flat ice-rink with constant velocity (10i + 5j) ms ™',
passing through the point (9i + 8j) m at time r = 0. A second ice skater B
travelling with constant velocity (pi + 6j) ms ™ is at the point (3i — j) m at time
t=0.
(a) If the ice skaters collide find the value of p.
(b) If p = 11 show that the ice skaters are closest together whenr=7.5s.
A body of mass 2 kg moves so that its position vector at time ¢ s is given by
r = (asinmt+bt’)i+ (csinnr+dt?)j,
where a, b, ¢ and d are constants and distances are measured in metres. Find
(a) the momentum at time ¢ s,
(b) the kinetic energy at time ¢ s (do not simplify),
(c) the force acting on the body at time ¢ s.
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. 1
At 1 =0 the speed of the body is 4n ms™ . Ats= 5 the body passes through the
point (i+j) m and is travelling in the positive i direction. Find 4, b, ¢ and 4.
. . 1
What is the power generated by the force acting on the body at ¢ = 5 ?

A constant force of (5i + 3j) N is applied to a ring which 1s on a smooth rod.
The rod 1s fixed in a horizontal plane and joins the origin to the point P of
position vector (3i + j) m. Find the work done in moving the ring from the origin
to P.

Given that the ring is of mass 4 kg and that it was initially at rest at the origin,
find its speed at P.

A particle of mass 3 kg moves in a plane, its position vector at time ¢ 5 being # m
where

r={2cost+sins)i+{sint—2cost)j.

Find the values of ¢

(a) when the speed of the particle is a minimum,

(b) when the force acting on the particle is perpendicular to the velocity vector,
(¢) when the power generated by the force is greatest.
The velocity v ms ' of a particle of mass 0.4 kg at time ¢ s is given by

v=3sin2ri +5¢* .

Find the force F acting on the particle at time ¢ s. By taking the scalar product of
F with an appropriate vector, find the rate of working of this force at time ¢ s.
Relative to a fixed origin O, the position vector ¥ m of a particle P at time ¢ s 1s
givenby r=sindri+cosdtj+1’ k.

(2) Find, in terms of ¢, the velocity and acceleration of P at time ¢.

(b) Given also that P is of mass 0.2 kg find, in terms of ¢, the rate at which the
force acting on P 1s working at time ¢ s.
Two points A4 and B with position vectors (5i + 3j + 14k) m and (11li+ 6j + 8k) m
respectively lie on a smooth straight wire. A bead free to move on the wire is
acted on by a force (7i + 4j + 3k) N.

Find

{a) a unit vector along the wire,

(b) the magnitude of the component of the force parallel to the wire,

(c) the work done by the force in moving the bead from 4 to 5.
The velocity of a ball of mass 0.7 kg just before it hits a horizontal floor is (4i-3j)
ms ' where i is a horizontal unit vector and j is a unit vector vertically upwards.
Immediately after it leaves the floor the velocity of the ball is (5i + 6j) ms™'.
The time the ball is in contact with the floor may be neglected.

(a) Find the impulse of the floor on the ball in the form (ai + 5j).

(b) Find the change in kinetic energy due to the impact.
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Three forces (4i + 2j + 6k) N, (2i —4j+ 9k) N, {81+ 5j —3k) N act at a point P.

Find

(a) the resultant R of the forces in the form ai + bj + ¢k,

{b) the magnitude of R,

{c) the scalar product of R with the vector i+ 3j + 4k,

(d) the cosine of the angle between R and the vector i + 3j + 4k,

(e) the total work done by the forces acting on P as it moves from the point with
position vector (2i + 4j + 7k) m to the point with position vector
(Si+3j+11k) m.

The velocity vms ™ of a particle P at time ¢ s is given by v=71i +sintj.

(a) Find the acceleration of P at time ¢ s.

(b) Given that the particle has position vector (4i + 3j) m when 7 = 0, find the
position vector of P at time ¢ s.

At time ¢ s the position vector r m, of a moving particle P, is given by

r={(2t—-1ji+4cos3tj+4sin3rk.

Find

(a) the velocity v ms™! of P at time ¢ seconds,

(b) the time when v and r are perpendicular.

At time ¢ hours the position vectors, in units of 100 km, relative to a fixed origin,

of two aircraft 4 and B are, respectively,

2i+4j+ Tk + (4i + 3] +4k) and 13i + 3j + 7k + 1(2i + 2§ + k).

(a) Explain why you can say that both aircrafts are moving with constant

velocities.

(b) Find the speed of aircraft B, stating its units,

(¢) Find, in terms of ¢, an expression for AB? at time ¢ hours and hence determine
the time at which the aircraft are closest together.

Two particles P and Q move with constant velocities (5i + &j) ms ™' and (4i + 3j)

ms ™' respectively, where k is a constant. At time ¢ = 0 the position vectors, in

metres, of P and (O are 4i + 2j and 7i + 14j respectively. Find the position vector

of O relative to P at time 7 s.

(a) Find the value of & such that P and QO collide and the value of ¢ when this
collision would occur.

{(b) In the particular case when £ = 4 show that

PQ* =217 =30t +153
and find the value of  when P and @ are closest together and their distance
apart at this time.
Find also the length of time for which the distance between P and Q is less

than or equal to 9 m.
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A particle of mass 0.2 kg moves on a smooth horizontal plane. Its position vector
r, in metres, at fime 1 § is given by
ro= 4 i+ 4t

Find
(a) the kinetic energy when ¢ = 0.5,
(b) the cosine of the angle between the velocity when £ = 0.5 and

the vector 4i — 3j.
When an impulse is applied to a particle of mass 0.3 kg moving with constant
velocity (11i + 7j) ms ™' on a smooth horizontal table, its velocity is changed to
(10i + 14)) ms ™" . Find
(a) the impulse,
(b) the change in the kinetic energy of the particle.
Relative to a fixed origin, the position vector, r, of a particle P is given by

r=3sinti+5costj,
where r is measured in metres and ¢ denotes the time 1n seconds.
(a) Find the velocity of P at time ¢ s and show that its speed is v ms™! where
v? =17 - 8 cos 21
Hence find the maximum and minimum values of v.

{(b) Find the cosine of the angle between the velocity and acceleration of P when
1

1=

(c) Given that the particle is of mass 0.3 kg, find the rate of working at time 7 s
of the force acting on P and the maximum rate of working of this force.

The position vector in metres at time ¢ seconds, relative to a fixed origin O, of a

particle £ moving in a horizontal plane is given by

2 L .
r=- {cos mri+sinnr j).
i

Given that P is of mass 0.2 kg, find the horizontal force acting on it at time ¢
seconds.

When ¢ = 0 a second particle Q moving with constant velocity (-6i + 8j) ms™" is
at the point with position vector b, metres. Find the position vector of O at any

time in terms of 4, i, j and 7. Determine b given that the particles collide when

1= i’

At noon a ship 4 passes through the origin O and is moving with constant speed
ukmh™ in the direction of the vector 3i + 4j. At the same time a second ship B,
moving with constant speed 10 kmh ™ in the direction of i, is at the point with
position vector 10(— i+ j) km.

{a) Find the position vectors of the ships at time ¢ hours after noon.
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(b) Find u such that the ships are on a collision course and the time at which
collision would take place.
{c) Assuming thatu = 10
(i) show that at time ¢ hours after noon 4B* = 80t — 240t + 200,
(ii) find the time at which the two ships are closest together,
(iii) find the time when AB is perpendicular to the direction of the velocity of
ship A.

20 At noon the position vectors, relative to a fixed origin, of two aircraft 4 and B are
(301 + 20§ + 10k) km and (—10i + 15k) km respectively. Aircraft 4 is moving
with constant velocity (— 40i + pj) kmh ™ and aircraft B is moving with constant
velocity (120i+200j + gk) kmh ™' where p and ¢ are constants.

(a) Write down the position vectors of the two aircraft at time ¢ hours after noon.
(b) Show that the vector representing the line AB is given by

((— 40+ 1600i + (—20+ Q00 -p)r)j +(5 +gnHk) km.
(c) Find the values of p and g such that the aircraft collide.
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Chapter 7

First Order Differential Equations

After working through this chapter you should be able

e torecognise the different types of differential equations,

e to solve first order differential equations with variables separable

¢ to model simple “real life” problems as differential equations and solve the

resulting equations.

7.1  Basic definitions and notations
Simple examples of differential equations are

d -

2)(,
= X
dr?

NV S S
(a) dI_Z,(b)dX—Ay}(C)dX ye ’(d)

d’x
dr’

dt dr dx dy
d) —=4/xy, () — =cos, +5=+6x =1, (h) —+v={
()dx VX (f)d8 (2) Y ()dt

A differential equation is a relation between the derivatives of one variable {e.g. x)
with respect to another variable (e.g. £) and given functions of the two variables.
The variable being differentiated is called the ‘dependent variable’ and the other
variable is called the ‘independent variable’. In (a), (d) and (g) above, the
dependent variable is x and the independent variable £. In (b), (¢} and (e} above, the
dependent variable is v and the independent variable x. In (£} above, the dependent
variable is 7 and the independent variable® whilst in (h) the dependent variable is v
and the independent variable #. Any pairs of letters can be used for the dependent and
independent variables and you need to be very careful in answering questions to use
the same variables as given in the question. In most of the worked examples the
dependent variable will be x and the independent variable ¢ but other combinations

will be used in the exercises.
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Order of a differential equation
The order of a differential equation is the order of the highest derivative occurring in
it. The equations in examples (a), (b), (c), (e), (f) and (h) are all first order whereas

those in examples (d) and (g) are second order.

Basic facts
In order to obtain a unique (i.e. the only one) solution you need to specify more than
just the equation. For the example in (a) i.c.

dx
dr
integrating the left hand side with respect to ¢ gives x and integrating the right hand

:l)

. . .1 . .
side with respect to £ gives '2't2 together with an arbitrary constant, 4 say. Therefore
L,
x = 21‘ + A,

this means that for each value of A there will be a different function satisfying the
differential equation and therefore there will be an infinite number of different
solutions of the differential equation. However if x is given for one value of 7, then 4

can be found and then a unique solution found for x. For example if x =3 fort=2

1
then 4 = 1 and x=§r2 + 1.

It is true in general that :-

(a) a unique solution of a first order differential equation can be found if the value of
the dependent variable is known for one value of the independent variable. This
means that in example (c) above, a unique solution can be found for y if its value is

given (e.g. y = 2) for a given value of x (e.g. x = 3).

(b) a umque solution of a second order differential equation can be found if the value
of the dependent variable and the first derivative is known for one value of the

independent variable. This means that in example (d) above, a unique solution can be

. dx dx
found for x if its value is given {e.g. x = 3), and the value of i (e.g. Py 4) for a

given value of f (e.g. 1= 0).

General solution

The general solution of a first (second) order equation is one such that from it you can
obtain the unique solution with the value of the dependent variable (and, for second
order equations, its first derivative) given for one value of the independent variable. In
practice this means that the general solution of a first order equation will, as in
example (a) above, involve an arbitrary constant. The general solution of a second

order equation will involve two arbitrary constants.
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The general method of solving differential equations is to find the general solution
and then fit the constants to satisfy any given conditions.

7.2 First order equations, variables separable

You will cover these equations in P3 but in case you have not come to that part of the
course yet the basic ideas will be summarised here. Equations of this type often occur
in Mechanics, particularly in problems involving resisted motion. The technique will

be first iHlustrated with some simple examples.

Example 7.1

Find the general solution of
dx

a =

and the unique solution such that x = 1 for ¢ = 3.

The left hand side can be integrated with respect to £ to give x but this will not work
on the right hand side since x is an unknown function of ¢ and there is no way of
integrating it. The equation can however be rearranged so that all the "x" dependence
is on the same side of the equation as the derivative and ali the "" dependence is on

the other side. This gives
1 dx -1
K2 dr ’

this equation can now be integrated with respect to £ 1.e.
dx
J.",)— = J.df .
e

The left hand side of this can be integrated with respect to x and the right hand side
integrated with respect to ¢ giving

1
- = f +g,
X

where ¢ is an arbitrary constant. This 1s the general solution of the equation.

Substituting x =1 and r =3 gives c =—4 so that

1

= =4

x
is the unique solution with the value 1 for ¢ = 3.
The equation can be rearranged to give

1
4—t

If this is substituted back into the original differential equation then you can check
that it is satisfied as is the condition for t = 3. Differential equations are one of the
few topics where 1t is possible to check fairly easily that you have got the correct

answer and it 1s always worth carrying out the check.
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In problems like this, where x is given for a value of ¢, it is possible to avoid
introducing an arbitrary constant by integrating between limits. In this case the limits
for x would be between 1 and x and that for ¢ between 3 and 7. So that

de H

= = Ja.

T X

This becomes on evaluating the integrals
1

-7 =¢t-3,
X

which 1s equivalent to the result obtained above.

Example 7.2

Find the solution of the differential equation

dx
Y
ar 2el—x

withx=0forr=1In2.

Again the right hand side cannot be integrated directly with respect to ¢ since x is
unknown. It is however again possible to rearrange the equation so that all the "x"
dependence is on the same side of the equation as the derivative and all the ":"
dependence is on the other side. Carrying out this rearrangement gives
dx
e‘ﬁ; = 2ef,
integrating with respect to ¢ gives
Jerdx =2 [erde
Evaluating the integral shows that
e —1=2(e' 2],
ef=2e -3,
Le.
taking logarithms of both sides gives
x=In (26’ - 3)
You can again verify that this solution satisfies the differential equation and the

condition when ¢ = In2.

Example 7.3

Find the solution v of the differential equation
dv
——v=4
dt

with v=4 whent=0.
This equation can be rearranged so that the “v” dependence is on the same side of the

equation as the derivative and any “¢” dependence is on the other. This means that the
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v has first to be moved to the right hand side of the equation and then both sides

divided by v+ 4, 1.e. L dv -
v+4 de
Both sides can now be integrated with respect to 7 so that
| dv =4,
v+4

In order to satisfy the condition at ¢ = 0 the left hand side has to be integrated from 4
to v and the right hand side from 0 to ¢ giving

- a4 far,
4\/—%—4 ;
ie. mt g

Taking the exponential of both sides gives
y=8e" -4,

General method
The method used above of rearranging the equation is known as the method of
separation of variables and works for equations of the type

d
% = f(x) g(?) or, equivalently, aﬁ = f(x) g

where f and g are given functions. Sometimes the equation has to be rearranged, as in

Example 7.3, to get it into the correct form.

The steps n the solution are
(1) rearrange so that terms involving the dependent variable are on the same side of
the equation as the derivative and the terms depending on the independent variable are

on the other side e.g.
1
f(x) dr = g0,

(i1) integrate both sides of the equation with respect to the independent variable e.g.

Jﬁ%ﬂx==jg@du

if conditions are given for one set of values of the variables use these in the hmits of
integration,

(i11) invert to obtain the dependent variable in terms of the independent variable. You
may not always be able to do this and may only be able to obtain a general relation
between the variables.
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Exercises 7.1

Find the general solutions of the following differential equations.
dx  x

Var T

de

FPE

dv 1

dr 2’

4 d—} = rtan 6
de

Find the solutions of the following differential equations satisfying the conditions
stated.

dx
5 TR x=4fort=0.
dx 1
6 ar ——;—,x-Sfort——lA
L _
7 d{-tx,x—lforz—l.
8 d—y:e"+y=0forx=0.
dx
dv
9 3y =4 v=1fori=0.
de
dv
10 —+3v=4 v=5fort=0.
dr

d
11 (xy+2}’)a§=y2—1,,v:\/l—()—for;t::l.

7.3  Modelling involving differential equations

In your course, and in examinations, you may be required to find the differential
equations to model a problem in an area in which you have no previous knowledge
(e.g. population growth, radioactive decay). This is not as difficult as it sounds since
the problems will always be stated in a form where sufficient information will be
given to translate it into one of solving a differential equation, without knowing any
additional background detail. We start off by looking at problems not involving
Mechanics since you already know the basic mechanical principles and have already
some practice of modelling mechanical problems as simple differential equations .
You will also meet modelling of mechanical problems as differential equations in M3

and, very briefly, at the end of this section.
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Modelling other than in Mechanics

One of the first things to determine when setting up a model is what is the unknown
(i.e. the dependent variable). In examination questions, this is usually made clear. It
is also necessary to pick the independent variable, this is usually obvious and is very
often the time. For example, you may be told that the number in a population varies
with time in a particular way. This tells you immediately that the number in the
population should be the dependent variable and the independent variable should be
the time. You need to look for certain key words which will help you to “translate”
the problem into one involving a differential equation. The most common phrase
which tells you what to do 1s “rate of change” and similar phrases given below. Many
problems reduce to the solution of a first order differential equation and we start off

by looking at typical problems of this type.

Problems involving rates of change and leading to first order equations
Most problems which can be modelled as differential equations involve some

information about the rate of change of a variable x (say) normally with time 1, ie.

. . d S
information about f_ Other phrases which imply rate of change are rate of growth or
l

of decay. Very often the mformation is given in a way which also suggests the
appropriate choice of both dependent and independent variables. For example, you
may be told that the amount of money in a bank account grows with time in a
particular way. This tells you that the dependent variable should be the amount in the

account and the independent variable should be the time.

The simplest type of situation that may occur is that the rate of change of a quantity,
for example, the number in a population, is given explicitly either as a constant ¢ or as
a function {{#) of time. The given data suggests, in this case, taking the dependent

variable to be the number in the population at time 7. If this is denoted by x then the

. dx . . .
rate of change of x 1s 5 and the information can be rewritten as
¢

dx dx
Z=c oor —=1(1),
w e g T/W

and the initial problem has now been transformed into one of solving a fairly simple

differential equation.
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In most cases all that will be known about the rate of change of x is that it will depend
in some way onx. For example, it may be known to be proportional to x”, where n is
a known constant (often an integer). The phrase proportional (or directly proportional)
to a variable means equal to some constant times the variable and very often
modelling questions require introducing a constant of proportionality. The above
mformation therefore translates into the differential equation

dx

e

#
>

where & 1s a constant.

[f the rate of change had been stated to be inversely proportional to x”, then this

. k .
would mean that it was equal to —- so that n would be replaced by —# in the
X

differential equation.
In many cases, the constant £ may not be given explicitly but values of x will be given
for two values of ¢ and these values can be used to find £, and you may be asked to

predict the value of x at some subsequent time.

Exampie 7.4
The rate of growth of the population of the United States at the beginning of the last

century is assumed to be directly proportional to the number in the population. The
population figures, in millions, for 1810 and 1820 are 7.2 and 9. Estimate the

population in 1840.
In this case, the unknown is the number in the population, this will be denoted by x.

taken to be 1810.
. dx
The assumption is that o = ko

where £ is a constant.
Separating the variables and integrating
dx
.[T = k J(Zt
Inx = ki+ec
Sincex =72 fort=0, it followsthat ¢ =1n7.2
and x=72e"
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The population for 7 = 10 is given as 9 and this gives an equation to determine ¢
namely

9="72e"?,
solving this gives & = 0,022, so that the population in 1840 is predicted to be 13.93
milhon. One important thing to notice about the solution is that it predicts infinite
growth, this is unrealistic and not consistent with observation. This means that a more

satisfactory model has to be found which does not predict infinite growth.

A model which does this is one based on the differential equation

%X;:-kx(n»x),

an equation of this type is solved in Example 7.7 (sce also question 1, Miscellaneous

Exercises 7).

Example 7.5

The volume of a raindrop decreases, due to evaporation, at a rate of k£ times its surface
area. Given that its volume is V, attime ¢ = 0 find its volume at any subsequent
time .

In this question, the dependent variable is the volume ¥ of the sphere and the first step

1s to express the surface area in terms of the volume. If the radius is 7, then the

. 4= . o . .
volume is EY r” and the surface area is 4. Substituting for r in terms of ¥ gives

2 2
3

!
the surface areas as ¢V where ¢ = ¢V > (4n) 3. Therefore

d 3
——V— = —kcV?,
dr
the minus arises since the volume decreases. The variables may be separated giving
dv
— —ke dt,
V3
!
mntegrating gives 3V3=—ket + 4,

L
where A4 is a constant. The condition V' = ¥ at ¢ = 0 shows that 4 =3} * and

1 3
therefore V= {V@ —%ﬁ}
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Example 7.6

Newton’s law of cooling states that when the temperature of a body is above the
temperature of its surroundings, then it decreases at a rate directly proportional to the
difference between its temperature and the surrounding temperature.

A body at a temperature of 190°C is immersed in liquid which is maintained at a
constant temperature of 50°C. In one minute, the temperature of the body decreases

to 120°C, find how long it takes for the temperature to drop to 85°C.

If 7° denotes the temperature of the body, then Newton’s law gives

dr

—— = k(T -50),

dr
where T is the time measured in minutes and introducing the minus sign means that
the constant k is positive.

Separating the variables and integrating gives
j_g_ = -k J.dz
(T - 50)

In (7 -50)=—kt +C

and therefore

Substituting 7= 190 when ¢ = 0 gives C = In 140. Substituting 7 = 120 when

t =1 gives k = In 2, so that
thh2=In (Tlf(‘)joj

The time taken to reach a temperature of 85°C satisfies the equation
tIn2 = Ind4 = 2In2

giving = 2.

Example 7.7
In a simple model of an epidemic it is assumed that the population may be divided

into those that are infected and those susceptible. (This assumes no deaths or
recovery). It is further assumed that the rate of spread of the disease is & times the
product of the number susceptible and the number infected. At time ¢ = 0, one person
is infected and there are n-+1 people in the population. Find the number infected at

time ¢ later.
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If the number infected is denoted by x, then the number susceptible is n+/ — x and
therefore, since the number infected is increasing,
dx
—=kxln+1-x
o, =l )
This equation is of the type in which the variables can be separated and

Faig e

using partial fractions show that the equations can be rewritten as

Loffdr, d }m-—mkfdr
a+ldlx n+l-x)

Integrating the equation gives

In x—~~:k(n+1) t + c,
n+1l-x
where ¢ is a constant. The conditionx = 1 at ¢ = 0 gives ¢ = —In(n) and therefore
k(r+1) r=In—""
n+l—-x

Taking the exponential of both sides of this equation and rearranging the resulting

(n + 1)6.&(:)—%\){

equation gives x = — —
I1+€k nl it

as ¢ becomes infinite this tends to r+1 showing that eventually the whole population

becomes infected.

Example 7.8

In a particular chemical process in order to produce one unit of a chemical X, 2 units
of a chemical 4 are used and 3 units of a chemical B are used. Initially, there are 10
units of 4 and 8 units of B present. The rate of production of X is directly
proportional to the product of the amounts of 4 and B remaining. Find the form of the

differential equation satisfied by x, the quantity of X produced by time ¢.

To produce x units, 2x units of 4 and 3x units of B will have been used. Therefore the
amounts remaining of these substances are 10 — 2x umts and 8 - 3x units respectively.

Therefore the required differential equation is
%x; =k(10-2x)8 - 3x),

where % 1s a constant.
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Nett rate of change

In many practical circumstances there may be several sources for the rate of change of
a quantity and these changes have to be assembled together to arrive at a total (or nett)
rate of change. A simple example is that of population growth where both births and
deaths affect the growth rate and normally the birth and death rates are known. If the
birth and death rates are both assumed to be directly proportional to the number x in
the population, then the contribution of births to the growth rate is of the form px and
the contribution of the deaths is of the form —¢x (taking both p and g to be positive so

that the minus indicates a decrease). The nett rate is therefore (p - q)x and therefore

dx

—=(p-g).

There are many problems of the above type where input (e.g. birth) and output (.e.g
death) rates are given or there are two causes of a growth rate, for example in a
population there could be birth and death rates and also terms arising from emigration
and immigration. In these circumstances, the nett rate of change has to be found from
the equation.

Nett rate rate of rate of

of change = mput —  oufput

Example 7.9

The growth rate of a colony of bacteria, in units per day, is % of the number of

bacteria present at any time. The bacteria are extracted from the colony at the constant
rate of R units per day. At time 1 =0, the number in the colony is &, find the number

present at time ¢ days later.

. , . 1
If x denotes the number of bacteria at time 1 days, then the “mnput” per day is Zx and

the output per day is R. Therefore

Separating the variables and integrating gives

e
4L-4R = Jo

f
and so x— 4R = ge*.
At 7 =0 x = N and therefore a N— 4R, so that

t

(N — 4R)e* + 4R.

It

X
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Exercises 7.2

1 The growth rate of a colony of bacteria is directly proportional to the number in the
population. The number of bacteria grew from 100 to 400 in 24 hours. Find the
number of bacteria after 12 hours.

2 Inamodel of the response of the ear to a stimulus, 1t is assumed that the rate of
change of response with respect to the stimulus is inversely proportional to the
stimulus. Find the general form of the response in terms of the stimulus,

3 The amount of radium in a piece of lead decreases at a rate directly proportional to
the amount present. In 1500 years the amount of radium decreases to one half its
original value. Find the fraction remaining after 2500 years.

4 The death and birth rates in an ant colony are both directly proportional to the
number in the colony. The death rate is such that, if there were no births, the
population would reduce to one half its value in 1 week. However in actual fact,
the population doubles in 2 weeks. Find the birth rate.

5 The population of a city is assumed to increase at a rate directly proportional to
the number in the population and the growth rate is such that an initial population
of 40,000 increases to 80,000 in 50 years. Immigration, which is assumed to
occur at a uniform rate, accounts for a uniform rate of increase of 400 people per
year. Find the population after 10 years.

6 In amodel used by insurance companies it is assumed that money deposited
grows at a constant rate per year equal to 0.06 times the amount in an account at
any given instant. Determine the amount in an account 3 years after £500 has
been deposited.

7 Abody at a temperature of 100°C 1s placed in a medium kept at a constant
temperature of 20°C. After 10 minutes, the temperature of the body 1s 60°C, find
its temperature after 40 minutes.

8 One unit of a new substance X is formed by combining one unit of 4 with one unit
of B. Initially, there are 10 units of 4 and 8 units of B. The rate of formation of X
is directly proportional to the product of the amounts of 4 and B remaining. One
unit of X 1s formed in 5 minutes. Determine the number of units formed in 10
minutes.

9 In a model of population growth of protozoa, it is assumed that the population
grows at a rate at any time equal to twice the number n the population at that
time. As well as the growth factor, competition between the protozoa will
produce a decrcase in the rate of growth equal 0.01 times the square of the number
present. Formulate the differential cquation satisfied by the number in the
population and find the number in the population at time 7 given that there are 5 at

time ¢ = 0.
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Miscellaneous Exercises 7

1 The number in a population at time 7 is denoted by x. In a particular model, the

variable x satisfies the differential equation
pekre
x n—x,df

where £ 15 a constant. At time ¢ = 0, the population has 7 nindividuals. Assuming

that x never reaches the value #, show that at time ¢
3x ekr

n—Xx

Given that the population has %n individuals at time 7, find the number in the

population at time 27,

2 In a particular model of a bank account, the amount in the account at time # years is
denoted by £x, where both x and ¢ are assumed to vary continuously. It is assumed
that, at any time, there is a continuous inflow of money {(due to interest) at a rate
per year equal to 8 times the amount in the account at that time; © is known as the
force of interest and may vary with «. There is also a continuous flow of money out
of the account at a constant rate of £+ per year. Explain why x satisfies the

differential equation

(a) Find the general solutions of this equation for 8 = 0.1and » = 100, and find the

particular solutions such that

(1) x= 1100 when=20.
Sketch the graph of x against ¢ in both cases.
(b) In a particular model when » = 0, the forces of interest is ¢ + bt, where g and b

given that x = 16000 at time ¢ = 2, find © when ¢ = 1.
3 Find the particular solution of the differential equation

% = (37 + 1) +1)

such that y=1 forx = 5.
4 Translate into words the law of cooling expressed by the differential equation

dT
E = wr-4
- (T - 4)

where ¢ is the time, 7 the temperature of a hot body, A4 is the temperature of its

surroundings and A is a positive constant.
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Exercises 7.2

1 The growth rate of a colony of bacteria is direc”.y proportional to the number in the

I~

population. The number of bacteria grew f.om 100 to 400 in 24 hours. Find the
number of bacteria after 12 hours.

In a model of the response of the e2. to a stimulus, it is assumed that the rate of
change of response with respect o the stimulus is inversely proportional to the
stimulus. Find the general form of the response in terms of the stimulus.

The amount of radium in a piece of lead decreases at a rate directly proportional to
the amount present. In 1500 years the amount of radium decreases to onc half its
original value. Find the fraction remaining after 2500 years.

The death and birth rates in an ant colony are both directly proportional to the
number in the colony. The death rate is such that, if there were no births, the
population would reduce to onge half its value in 1 week. However in actual fact,
the population doubles in 2 weeks. Find the birth rate.

The population of a city is assumed to increase at a rate directly proportional to
the number in the population and the growth rate is such that an initial population
of 40,000 increases to 80,000 in 50 years. Immigration, which is assumed to
occur at a uniform rate, accounts for a uniform rate of increase of 400 people per
year. Find the population after 10 years.

In a model used by insurance companies it is assumed that money deposited
grows af a constant rate per year equal to 0.06 times the amount in an account at
any given instant. Determine the amount in an account 3 years after £500 has
been deposited.

A body at a temperature of 100°C is placed in a medium kept at a constant
temperature of 20°C. After 10 minutes, the temperature of the body 1s 60°C, find
its temperature after 40 minutes.

One unit of a new substance X is formed by combining one unit of 4 with one unit
of B. Initially, there are 10 units of 4 and 8 units of B. The rate of formation of X
is directly proportional to the product of the amounts of 4 and B remaining. One
unit of X is formed in 5 minutes. Determine the number of units formed in 10
minutes.

In a model of population growth of protozoa, it is assumed that the population
grows at a rate at any time equal to twice the number in the population at that
time. As well as the growth factor, competition between the protozoa will
produce a decrease in the rate of growth equal 0.01 times the square of the number
present. Formulate the differential equation satisfied by the number in the
population and find the number in the population at time 7 given that there are 5 at

timer=0.
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Miscellaneous Exercises 7

The number in a population at time ¢ is denoted by x. In a particular model, the
variable x satisfies the differential equation

8 1 ]m
| e o I
dt

X n-x

where £ is a constant. At time ¢ = 0, the population has ” n individuals. Assuming

that x never reaches the value n, show that at time ¢
3x o

n-—-Xx

Given that the population has —;-n individuals at time 7, find the number in the

population at time 27

In a particular model of a bank account, the amount in the account at time 7 years is
denoted by £x, where both x and ¢ are assumed to vary continuously. It is assumed
that, at any time, there is a continuous inflow of money (due to interest) at a rate
per year equal to 8 times the amount in the account at that time; 8 is known as the
force of interest and may vary with 7. There is also a continuous flow of money out
of the account at a constant rate of £# per year. Explain why x satisfies the

differential equation
Z—? =8x- r.

(a) Find the general solutions of this equation for 8 = 0.1and » = 100, and find the
particular solutions such that
(1) x =900 when =10
(1) x= 1100 when ¢ = 0.
Sketch the graph of x against ¢ in both cases.

(b) In a particular model when » = 0, the forces of interest is a + bt, where a and b
are constants and, at time ¢ = 0, x = 10000. Find x at any subsequent time ¢ and
given that x = 16000 at time ¢ = 2, find 8 when ¢ = 1.

Find the particular solution of the differential equation

jﬁ = ()f +1Xx4 +'])

such that y = 1 forx = 5.

Translate into words the law of cooling expressed by the differential equation

ar
£ = wMr-4
— (r-4)

where ¢ 1s the time, 7 the temperature of a hot body, A4 is the temperature of its

surroundings and A4 is a positive constant.
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First Order Differential Equations

If 4 is constant, show that

T,~T = (1, - At -™)
where T, is the value of the temperature of the body at time ¢ = 0. If the body,
starting at time ¢ = 0, cools from 80 °C to 60 °C in 15 minutes, and from 60 °C to
50 °C in a further 15 minutes, find .

5 TItis known from experiments that water escapes from a flat-bottomed tank
through an orifice in its base at a rate of approximately 2.664 Jh m’s™, where 4
is the orifice area in square metres and 4 1s the height in metres of the water
surface above the orifice.

A tank 1 m deep has a rectangular cross-section of 2m by 3m. The tank is initially
filled with water. At time ¢ = 0, the water starts to escape through a circular
orifice in the base of the tank, the orifice being of radius 0.01m. Taking m to be

3.14 and calculating correct to two significant figures, show that at time ¢ s
dh

== -0.00014v7

dt
How long does the tank take to empty?

6 The spread of a non-fatal disease through a large population of M people can be
studied theoretically as follows. The rate at which people who are currently
healthy are being infected is 0.01 times the product of the number that are healthy
and the proportion P of the total population that are infected. The rate of recovery
of infected people is 0.009 times the number of people that are infected. Noting
that the number of people that are infected at time r 1s MP, show that the process

can be approximated by the differential equation
dpP

— =0.001(1-10P)P,

de
explaining any necessary assumptions.
Find P in terms of 7, given that 2= 0.01 when ¢ =0. Estimate the population
infected when 7 is very large.

7 An economic theory suggests that the relationship between the national debt £D
and the national income £/ can be represented by the following differential

equations:
av_ al , a_ bl ,
iH de

where a and b are positive constants. If 7, and D are the initial values of / and D,
respectively, show that

D=%‘l(eb’—1)+1)m
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ANSWERS
Exercises 1.1
1. 84¢7 +12¢
2. 9% + 8¢
3. 23+ + 2
4. £+t -3l
5. 1+5t+e”
6. 2,9
7. 5t +1+2
Exercises 1.2
1. 4ms™
2. 9ms™
3. 4024 ms™", 2.48m
4 (i) 6.24 ms™ (i) 6.12¢ - 1.5¢7 (iii) 14.04
Miscellaneous Exercises 1
1. (a) 2m (b) 14 ms™
2. 2, 2, 4 s
27 3

3. 41In 4

3
5. 2<t<5, 84
6. p=4,q=—§3r=i, a:4,b=—i,distance=4m

3 9 3
7. 128 m, -0.4tN
3
8. (a) Sms™,20ms™ (M2m, 9m, 11m
. P-R\T (P-R\T* 3 2-32)2“ R(P-R).,
) M )2’ M )37 16M T 2M

10. 13.3 kW

Exercises 2.1

1. 1.6
2, 1.86m
3. 2457
4. 11.76 ]
5. 3.027
6. 26.1 N
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Answers

7. (1)804.47 (i) 1326 7 (a) 177.5N (b) 251 N
9. 69kJ
10.  9.125N

Exercises 2.2
1. io6J (i) -147J
2. (1)221] (i1)5.57J (i) 117J

Exercises 2.3

117

8]

39.11]

91]

33J

015171, 2.2517
0.251]

N kL=

Exercises 2.4

(1)6.41] (i1) 193.6 kJ (iii) 440 J
67.5k]

18.7 ms™

(1) 2 kN (i1) 80000x where x m is distance entered
68400 J

(1) 113217 (i) 1.5ms ™

9.9ms™

7327, 2.05ms™

236J], 8.74ms”

(1)2.481] (i1) 0.28

13.2m

9.22ms™

u>6.32

D A I B

e
W N = O

Exercises 2.5
1 4417, 20.8kJ, 981]
2 —20.58 kI

3. 14ms™

4. 1.98 m

5 1.60 m

6

Bgh/2
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Answers

7. 0.75ms ™'
10ms™

9. 85(ga)s

10. 273 m

11. 3m

12. 1.73m

13. 3m

14, 1.805m

Exercises 2.6
1. 24 exp (61)

2. @)30K (i) 11.04K
3. 50.8 ms ™

4 OT723KW (i) 96.4 kW
5. 471 kW

Exercises 2.7

1. 9 kW

2. 9kW

3. S00 N

4, 8ms”™

5. 0.2ms™

6. 12.5kW, 9.3ms”

7. 48 kN, 480kW, 20ms™
8. 205ms™, 0.24

9. 32.1ms™", 0.96ms™

10, 50kW, 0.02ms™, 0.036
11.  18.24kW, 0.1

12 0.75ms”

13, 20ms”

Miscellaneous Exercises 2

1. (a) 1.28 m (b) 8.0l ms™'

2. (b)5.1m (c)1.18]

3. 540 N, 27N

4. (a) 591507 (b) 172323, 933N
5. 64kJ, 29417, 126.6kJ

6. 1517
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7.

8.
9.

10.
11.
12.
14.

15.

16.

17.

18.
19.

20.
21.

22.
23.
24.
25.
26.
27.

mgR \/g‘R
6 6
8ms”

313.6N, 0245m
(i)3.16 ms™

!

2a
4,51
2gx
[18ga
5

(1) ?gﬁbelow 0

Answers

(i) 2.9 ms™
-3.19ms™, 3.078 ms™

(i) = (ag):

40500J, 7840], 4834kW

P

100 (700 + R), 300
1000R

L/
(i) 20 ms '
38 kW

20kW, 19.44ms™", 800N, 0.39 ms™

500N, 36.9 kW
35 kW, 0.73°, -0.59
300N

Exercises 3.1

1.
2.
3.

(i) 36 N
k=274x10°
21 Ns

Exercises 3.2

N o S e

475ms™", 13.7Ns
2.09ms™, 0.42 Ns
0.32m

1.0ls, 1.86ms™',
2.86s

0.36m

—, 14000, 0.6ms™
20

- Mgsino — Ma newtons

(i) 0.75 ms

-2

(i) 0.475 ms ™~

() 0.2 ms™

(i) ¢ = 1800
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(i) 255 N



Answers

Exercises 3.3

L.

(2)2ms™", 10Ns (b) Vi3 ms ', é—1-3—Ns {c) \/z ms ™, 5\/21\15
2 2 2 2
(d) /3 ms”, 543 Ns

42 Ns, ﬁNs

V2
12ms™", 3781, l.4kg
Hs, 1.8ms™, 3.6457
60

Miscellaneous Exercises 3

L.

(1)3ms” (i1) 3600 Ns (i11) 1333% kN, 533;1; N
3
38 2.6 mg 2d %_gd
1w 7T 57 505
(1) %mu«/g, %u , imuﬁ, %uﬁ
m o m
@ Tt -ga () 7F (©) 7ga
(i) 1.4ms™ 1176 J (in) 0.49 s

Exercises 4.1

1.

(1) 6.36,6.36  (i1)-7.5,13  (ii1) 6.58, -2.39 (iv) -4.1,-11.28
(v)1.74,-9.85

(1)6.32ms ™' at 71.6°10 Ox (i) 8.54ms™" at 111°to Ox

(i1i) 12.6 ms "' at 71.6° below Ox (iv) 9.85 ms ™" at 204° to Ox

(v) 19.21 ms ™" at 51.3° below Ox

(1)5,2+8 (i)3,4-6¢ (iii) 164, 106+ 12t>  (iv)-e ', —e ™ —2e
18.68 ms™' at 74.5°to Ox  8.54 ms™' at 69.4° below Ox

Exercises 4.2

1.
2.
3.

4r, 5i—4.917, t=1.02, 4.08 m

61, 116-49°, 6.17m

4, 12¢-4.9t7, 4.57ms ' at 28.8° above horizontal,
66.5ms™" at 86.6° below horizontal

21.65¢, 12.5t - 4.9¢%, t=2.55, 552 m

241, 18:-4.917, =184, 16.5m

37.59:, 13.68/ - 4.9, 37.8 ms™" at 5.9° above horizontal
748 ms™ at 59.9° below horizontal

61.8m

2.06 m
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9.

10.
11.
12.

Answers

96.8m
5ms™, 123 ms™
19.6 ms™

Yes, 35.8ms™

Miscellaneous Exercises 4

RN

9.

10.
11.

12.

13.

14.

15.
16.

17.

18.

201, 15t-4.9t7, 153s, 612m

(a) (1)4.9s, 343m (b)83.3m

(a) (i) 24¢, 32t — 4.9¢° (i) —0.3 M 60.7m  (c)19.6m

Asin83,tanf = (1 -2Zp)tana, x, :r(l—p), a=4p(1 - p)

-2

3

g7’
8

2a  gr

,2

b

T 2
9.7ms™

g, g
27.3ms™" at 28.2° below horizontal

3nut, Snut — %gtz', 16a ~ dut, 17a + 3ut — %gtz, 4

(b) %, (¢) 10.4a
g
{a)tan o YT b)0.2m
(a)5s b)1225m (cj)17.5m
0.5 3
241?", W@
g
(b)y (1) 2 (i) 4 m (1) 8 m av)y4m

Exercises 5.1

1.

(a) %a (b) -éb, (¢} b—a, (d) &, (e)a-b

() L (6-a)

(a) %a, bya+b {c) b+éa (d)—%a, {e) §b+%a
19

(a) -a, (b)-b (cya—b (d) %b—Za

16a—8b (b)4a+38h  (c)—16a+ 18h
(a) 6.9 atan angleof 11.44°to a (b) 24.65 atan angle of 12.8°to a
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Answers

Exercises 5.2

1 (ayx=—-4,y=1,
{a) —5i and 31j
i+ 4j, 3i—2j, ~4i+ 3j, -2i - 6
2i -6j, 2i - 9j,

Si+12]
a) 13, .
(a) 3

-3i+ 6]
© 45, — =

(@)2i+243], (b)-33i+3j,

ok W

(b) /53,

) 52,

(b)x=-1,y=
(b) —19i + 9j

-3i - 10j,
2i+7]

5,
(c) —3i + 33j

~7i +5j,

J53

Js52

—6]

(c) ~9.4i - 3.42j,

(a) /58 atan angle of 66.8° to i in the first quadrant

(b) V52 atan angle of 56.3° to i in the fourth quadrant
(c) V29 atan angle of 68.2° to i in the second quadrant
(@) V80 at an angle of 26.6°to i in the third quadrant

(d)37.5 (=/3 i+j) km

FExercises 5.3

()x=5,y=2

(d) 21i + 13j

)

(d) 2.3i -1.93j

(@) 25(J3i+j)km, (b) 40(¥/3 i—j)km, (c) -55+/2 (i+j)km

1. (x=-2,y=0,z=-1, (b) x=2,y=2.5,2=225,(c) x =-3,y= 15,
2. (a)30j+ 15Kk, (b) 2li + 5j — k (c) =5i +29j + 13k
(d) 21i - 23j — 10k
3. 2i+3j+6k 4i-3j+8k -Si+4j 2k, i+ 6j—
4 2i-6j +2k,  3i+2j-5k —4i+3j- 13Kk ~7i+j- 8k
2i-j+2k — Si+2j+06k 4i+6j-3k
5. (@6, = ——, (b)65, ——— (©) V61, ——=—
3 Jes N
Exercises 5.4
1. (a) 33, (b) 46, (e)-11, (@7
2. (@123°,  (byl.22° () 169.5°  (d) 155.7°
3. @7i-4f () 11i+9]
4. 166°
5. (a) 68° (b) 120°
6. 5.2, 6.86
17 17 69 069 240
7. - —4 —4l+3 b) =, —— (12i + 5}), ~— (5i - 12]
() 25( i), —( i () 169( i) 169( )
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Answers

Exercises 5.5

1.

2.
3.
4
5

(a) 387 (b) _135 (C) 16: (d) —6
(a) perpendicular, (b) 66.6°, (c)4.72°, (d) perpendicular
108.9°

Exercises 5.6

1.

J66 , 20
__7
T
2 22 .. i+32j-17k
a) =—, 2 Q2i+j +2k), ———————
(a) 3 9( i+2Kk) 5
i L oms
®) 1, 3i+ ]+12k, 36i+87j+ 38k
13 13
(a) 2i +20¢°j, 60t ) e'i+3%), e'i+ 6]

(¢) —sin fi + 2¢os 2tj, — cos ti- 4 sin 2{j (d) 2+ j+30°k, 20 + 6k
(e) -sin fi+ 41’ j+ 3 cos 3¢k, -cos i+ 12¢% j — 9 sin 31 k

(H) 2e*i—sin 1j+ %k, 4e*i—cos tj — %k

(a) - =, (b)—asinz+2th, (c)e'a—2e™"
I
Z
e
2
(@) t*i+°j+b, (b) i+ %-j +b, (c)sin2ti—-costj+b,
@i+ j+1'k+b, (e)2sinti+¢j— 4costk+b,
(Dei+sindg+1’k+b.
(a) 451 + 99j, (b) 63i+ 6j + 30k
(@yr=1"i+j+3i+5j, M r=i+2j+ k+5i+6j+ 7k

1 .
r= > t*a+th+ c, b and ¢ being constant vectors

Miscellaneous Exercises 5

1.

2
3.
4

wh

(@) +3j+2Km, (b)-i+3j+2k  31°
=2, p=1, y=1

—6i —j, —-i +6j + 10k
V2, %

4
6i + 8k, 13, 10, 114

3 2

(10-2wW)i+ (1 +3w)j+2+3p)k ng, “ZE
r_1
g 6
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10.

11.

Answers

1 1
— (=61 —4j+4K), — (40i-13j+47k
7 j+ak), o j )

(a) -3, (b) % (©) 10, 0.4
2 21

37 37 3

)

Exercises 6.1

bl A &

(a) (16i — 15)) N, (b) 15iN, (c)(9i+6j+10k)N, (d)(10i+11j—6k) N
24.8°

70.5°, 35.3°

23i+ 16j + 68k

(Si+10) N, (4i+2j) N

(@ (-9%+7PN, (G)Wi+j)HN, (9% +4)N, (d)@Bi-6)N

(a) —21,  (b)6617, (©)-157,  (d)16]
(a) 47, (b) 387, (1241,  (d) -561]
SG-j)N

Exercises 6.2

1.

I I

T S SEF O
WO = O

(a) (424i+ 8j)ms™2, (b) (4eTi+8e? jyms™2, (c)(~16j+ 84rk) ms2,
(d) (16e* i — 8e! j — 14 cos t k) ms™2

(54i+45)) m

(371 - 35y ms~*.

7.11m

17.03 ms™!

16.28 m

(a) (31 - 300)i + (210 — 60)j, (byr=48, 1744 m
15,150

= 30(1 + 26)i + 30(10¢ — 1)j + (60t = 2)k , = 4.52 min
281.1 kmh=! at 84.9° S of W

1.47ms™ " at 28.7° N of W

51.3°, 12.8s

Exercises 6.3

1.

(a) (2.5¢71+5.51—0.5)i + (0.7515 + 5 + 1)j,
(b) (563 =101+ 6)i + (564 —26¢ + 14)j,

() (2+3ct+5)i+ (éﬁ -2:-4)1 +(4e20 — 41+ 1)K,
2
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Answers

(d) @zz —%}i+(-—z3+t+6)j +(t5 —t—-2)k

(a) 0.82Ns, (b)0.85Ns, (c)2.47Ns, (d)3.93Ns

(a) (91 + 24j)y ms™1, (b) (6§ + 25 + 11k) ms™!

4.37 Ns at 59° to direction after impact

() (0.4 +49% ], Mr72+1284],

(€) (10 cos?t+3.6sin2 1+ 14.4 £2) 1,(d) (92 + 8e~20) ]

() (0.8 + 1441 W, (b) (9.6 + 86.41") W,

(c) (~10.8 cos 2t sin 2t + 45 sin 3t cos 3r+ 21.65) W, (d) (50t — 144e4) W
(a)5.31, (b) 14.4n2 ]

Miscellaneous Exercises 6

1.
2.
3.

10.
11.

12.

13.
4.
15.

16.
17.

@-miNs, ®)am(1+7)T, (©2mi-7)N, (d)2m(l+7)W
(@103

(a) [2(ma cos nt + 2b6)i + (~7mc sin nt + 2dt)j] Ns,
(b) [(ma cos mt + 2b1)2 + (—me sin wt + 2d6)?] J,
(¢) [2(—n?a sin it + 2B)i + (—nZc cos e + 2d)j| N

a=-4,b=20,¢c= 4 ,d =4, power = 160(n? +10) W
s

1871, 3ms™!

T 3n T 3n n Sm 9¢;
(a)t—;,—z— ..... (b)t—O,E,—E..” (©) t_Z’ VRl
(24 cos2ti+ Be* I N, (7.2 sin 2¢ cos 21 + 40e¥) W
(@) (dcosdri—4sindrj+2tkyms™, (-16sindri— 16cos 4rj+2k)ms™2,
(b) 0.8t W
(a) &2_—%1(_’ {(b)4 N, (3361

() (0.7i+63j)Ns,  (b) 12.6]
(a) (14i +3j + 12K)N, (0)AB49N, ()71, (d)0.75, (e)877

(a) (i +cos 7 j) ms=2,  (b) [52—1 _costj+ i+ 41] m

(a)(2i-12sin3¢rj+ 12 cos 3t k) ms™!, (b) z‘=%
(b) 300 kmh™", ©) (11 =202+ +02+9* 1 =15

15 9
[(B-ni+(12+3t-ki)jlm, (@ k=71=3, (b) ERViRE 3<t <12

(a)1.31], (b) 0.33
(a) (=0.3i+2.1j) Ns, (b) 1897
{(ay(3costi—Ssintms™t, 5, 3, (b) %, (c)48sintcost W, 24W
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18.

19.

20.

Answers

3
—04n (cosmri+sinmt PN, [+ H-6i+8))m, 3i+ [—2—— 4Jj
T

(2) 5 (Gi+4j) tkm, [10(=i+j)+10ri] km,

(b) u=2% 145pm.  (¢) (i) 130 p.m. (iii) 12.30 p.m.

(a) [(30 —400) i+ (20 + p)j +10k] km,
[(=10 +1200)i + 200¢ j + (15 + gr)k] km,
(b) p=120,g=-20

Exercises 7.1

1.
2.

3.

10.

11.

x=kt
x= -0z

v=(k=31)"

|
x=(27-20) 7
4
5-1
y =l(2-¢)
4 1
———e
303
4 11,
———e
303

y= 1+ (x+2)

X =

Exercises 7.2

A o e

200

r=kins+e

0.31

1.04 x number in population
50238

£598.61

25°

1.8 units

E=2x—0.01xz, x = LOQ
ds 1+39¢™
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Answers

Miscellaneous Exergises 7
3n
4
2. (a) x = 1000 + ae®", (i) x = 1000 — 100", (ii) x = 1000 + 100e”"

1.

1,2
(6) x=10000e" 2 0.235

f.5
3. y=lan | o xZ 630
s 4

4. —1— In2
15
5. 238 minutes
1
6. P 107900 @ 01
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Index

INDEX
Acceleration dependent on time 1 Scalar
Connected particles 48 Vectors
Conservation of Energy 21, 66 Addition
Differentiation
Differential Equation 137 Integration
Magnitude
Elastic Energy 20 Modulus
Energy Perpendicular
conservation 21,66 Position
gravitational/potential 20 Scalar Product
kinetic 14, 128 Unit
Impulse-momenturn Velocity
Principle 44,127
Impulsive Tensions Wotk Done
strings 46 constant force
pulleys 50 force dependent
on position
Potential Energy 20 tension in elastic string
gravitational 20 Work Energy Principle
elastic 20
Power 30, 128
Projectiles 65
Resolutes 90
Resolve Parts 103
Resultant &5
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82

82
85,92
107

107

83, 93
83

102

84

101, 104
85,93

59

8,130
8, 115

11
13

14, 32,129
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